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ABSTRACT
COLLISIONLESS EVOLUTION OF THE AURORAL ELECTRON 
VELOCITI DISTRIBUTION FUNCTION
by
JAMES D. RICKMAN, J r .
The t im e  e v o l u t i o n  o f  t h e  e l e c t r o n  v e l o c i t y  
d i s t r i b u t i o n  f u n c t i o n  d e t e r m i n e d  by t h e  c o l l i s i o n l e s s  
Bol tzmann e q u a t i o n  i s  c a l c u l a t e d  i n  one d im e n s io n  (one s p a c e  
and one v e l o c i t y  d im e n s io n )  and 2 1 /2  d im e n s io n s  (two s p a c e  
and t h r e e  v e l o c i t y ) . The c a l c u l a t i o n s  assume a c o l d  
s t a t i o n a r y  b a ckg round  o f  i o n s  and a s p a t i a l l y  v a r y i n g  
e l e c t r o n  d e n s i t y  t h a t  g i v e s  r i s e  t o  an e l e c t r o s t a t i c  
e l e c t r i c  f i e l d  c a l c u l a t e d  from P o i s o n ’ s  e q u a t i o n .  T e s t  
c a s e s  a r e  p r e s e n t e d  t o  show t h a t  t h e  o n e - d i m e n s i o n a l  
c o m p u te r  c a l c u l a t i o n  g i v e s  t h e  c o r r e c t  r e s u l t s  f o r  Landau 
damping o f  a h ig h  i n i t i a l  e l e c t r i c  f i e l d  and  t h e  tw o - s t r e a m  
i n s t a b i l i t y .  The 2 1 /2  d i m e n s i o n a l  c a l c u l a t i o n  i s  t e s t e d  
f o r  Landau damping o f  p a r a l l e l  and 45 ° p la sm a  waves and 
shown t o  g i v e  t h e  c o r r e c t  r e s u l t s .
O n e - d i m e n s i o n a l  c a l c u l a t i o n s  of t h e  i n t e r a c t i o n  
between h ig h  e n e r g y  (2 keV) h ig h  t e m p e r a t u r e  (640 eV) 
a c c e l e r a t e d  M axw el l ian  e l e c t r o n  beams and low t e m p e r a t u r e
ix
(10 eV) b a ck g r o u n d  e l e c t r o n s  w i th  beam t o  b a ckg round  d e n s i t y  
r a t i o s  f rom  .2 8  t o  .2 8 x 1 0 ~ s a r e  made t o  s i m u l a t e  t h e  
i n t e r a c t i o n  o f  h ig h  e n e rg y  a u r o r a l  e l e c t r o n  beams w i th  
i o n o s p h e r e  and h i g h  a l t i t u d e  b a c k g r o u n d s .  They show t h a t  
t h e  beam e l e c t r o n s  g i v e  e n e r g y  t o  t h e  background  e l e c t r o n s  
t h r o u g h  t h e  e l e c t r i c  f i e l d  and  a r e  a b s o r b e d  in  th e  
b a c k g ro u n d  w i t h i n  a b o u t  100 km o f  t r a v e l  rem oving  t h e  
u n s t a b l e  two peaked s t r u c t u r e  i n  t h e  o n e - d i m e n s i o n a l  
d i s t r i b u t i o n  f u n c t i o n .  The o n e - d i m e n s i o n a l  c a l c u l a t i o n  f o r  
a beam t o  b ack g ro u n d  d e n s i t y  r a t i o  o f  . 28x10- s  shows a 
g row th  o f  low phase  v e l o c i t y  p la sm a  waves and  a d e c r e a s e  i n  
t h e  s l o p e  o f  t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  c a l c u l a t e d  
from c o l l i s i o n a l  i n t e r a c t i o n s  i n  t h e  e n e r g y  r a n g e  <*5 t o  
320 eV i n  a g r e e m e n t  w i th  e x p e r i m e n t a l  m e a s u re m e n t s .
ft 2 1 /2  d i m e n s i o n a l  beam b ackground  i n t e r a c t i o n
c a l c u l a t i o n  f o r  a beam t o  back g ro u n d  e l e c t r o n  d e n s i t y  r a t i o
o f  5 a l s o  shows an i n c r e a s e  i n  e l e c t r o n  p o p u l a t i o n  i n  t h e
e n e r g y  r a n g e  be tw een  t h e  b a c k g ro u n d  and t h e  beam. The two
p e a k e d  s t r u c t u r e  i n  t h e  o n e - d i m e n s i o n a l  i n t e g r a t e d  e l e c t r o n
d i s t r i b u t i o n  f u n c t i o n  ^ ( ^ j )  i s  removed w i t h i n  s e v e r a l
k i l o m e t e r s  o f  t r a v e l  f o r  a 2 keV e l e c t r o n  beam. The
o n e - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  F{vu ) e v o l v e s  t o  a
monotone d e c r e a s i n g  f u n c t i o n  o f  t h e  v e l o c i t y  p a r a l l e l  t o  t h e
m a g n e t i c  f i e l d  ( v ^ ) . However,  t h e  two d i m e n s i o n a l
d i s t r i b u t i o n  f u n c t i o n  f f v . ^ v . )  r e t a i n s  a s l i g h t  peaked  o r!|
p l a t e a u  s t r u c t u r e  a l o n g  t h e  p a r a l l e l  v e l o c i t y  d i r e c t i o n .
x
The l a r g e  s p a t i a l  e x t e n t  o f  r e p o r t e d  s a t e l l i t e  
m e asu rem en ts  o f  s t r o n g l y  f i e l d  a l i g n e d  h ig h  e n e r g y  beam 
e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  p eak s  and t h e  r a p i d  
d i s s i p a t i o n  o f  u n s t a b l e  two peaked  s t r u c t u r e  i n  t h e  
o n e - d i m e n s i o n a l  f u n c t i o n  i m p l i e s  a c o n t i n u o u s  p a r a l l e l  
a c c e l e r a t i o n  r e g i o n  o f  a t  l e a s t  1 ,000  km i n  e x t e n t  a t  an 
a l t i t u d e  o f  7 ,0 0 0  t o  8 ,0 0 0  km ab o v e  t h e  a u r o r a  o v a l .  An 
i n c r e a s e  i n  t h e  e l e c t r o n  p o p u l a t i o n  i n  t h e  v e l o c i t y  r a n g e  
be tween t h e  beam and b a c k g r o u n d  r e q u i r e d  t o  g i v e  a g r e e m e n t  
w i th  r o c k e t  d a t a  a t  200 km may be o b t a i n e d  by a p a r a l l e l  
a c c e l e r a t i o n  r e g i o n  e x t e n d i n g  t o  r o c k e t  a l t i t u d e s .  
A n i s o t r o p i c  beam p e a k s  i n  t h e  o n e - d i m e n s i o n a l  d i s t r i b u t i o n  
f u n c t i o n  fo rmed by t h e  r o c k e t  a l t i t u d e  a c c e l e r a t i o n  p r o c e s s  
must be d i m i n i s h e d  w i t h i n  m i l l i s e c o n d s  by t h e  g rowth  of  
p a r a l l e l  p lasm a  waves s i n c e  a n i s o t r o p i c  beam p e a k s  i n  t h e  
o n e - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  a r e  n o t  u s u a l l y  
o b s e r v e d  i n  d a t a  t a k e n  o v e r  a p e r i o d  o f  s e c o n d s .  E v id e n c e  
f o r  c o n t i n u o u s  a c c e l e r a t i o n  a t  r o c k e t  a l t i t u d e s  i s  found  i n  
t h e  o c c a s i o n a l  m easurement  o f  s h o r t  d u r a t i o n  ( l e s s  t h a n  one 
second)  e l e c t r o n  beam " b u r s t s "  o f  s t r o n g l y  f i e l d  a l i g n e d  
h ig h  e n e r g y  e l e c t r o n s  a t  r o c k e t  a l t i t u d e s .
CHAPTER I
INTRODUCTION
1.1 The A u r o r a l  Phenomenon
S y u n - I c h i  Akasofu  h a s  d e s c r i b e d  t h e  a u r o r a l  
phenomenon by  t h e  a n a l o g y : * * 5 "The m a g n e to sp h e re  o f  t h e  
e a r t h  a c t s  l i k e  a g i g a n t i c  c a t h o d e - r a y  t u b e  t h a t  m a r s h a l s  
c h a r g e d  p a r t i c l e s  i n t o  beams and f o c u s e s  them on t h e  e a r t h ’ s 
p o l a r  r e g i o n s .  The a u r o r a  i s  a s h i f t i n g  p a t t e r n  o f  im ag es  
d i s p l a y e d  on t h e  f l o u r e s c e n t  s c r e e n  p r o v i d e d  by t h e  
a t m o s p h e r e . "  The p re d o m in a n t  v i s u a l  e m i s s i o n  d u r i n g  an
O
a u r o r a  i s  t h e  y e l l o w i s h - g r e e n  l i g h t  (5577 A) e m i t t e d  by
oxygen a toms e x c i t e d  i n  c o l l i s i o n s  w i th  low e n e r g y  ( -10  eV)
s e c o n d a r y  e l e c t r o n s * * ) .  A weaker  a t o m i c  oxygen l i n e  o c c u r s
i n  t h e  r e d  a t  6300 A, and t h e r e  i s  a weak m o l e c u l a r  n i t r o g e n
io n  l i n e  a t  4278 A ( v i o l e t ) . < * - ♦ )
1
2The a u r o r a l  glow o c c u r s  most  s t r o n g l y  a t  a l t i t u d e s  
be tw een  100 and 300 km*3>and e n c i r c l e s  t h e  e n t i r e  e a r t h  a t  
be tw een  65 and  75 d e g r e e s  l a t i t u d e  in  b o th  h e m i s p h e r e s * . 
Data  from a t y p i c a l  s o u n d i n g  r o c k e t  f l i g h t * s > i n t o  an a u r o r a  
i n  t h e  n o r t h e r n  h e m is p h e r e  (Aurora  B o r e a l i s )  i s  shown i n  
f i g u r e  1.  The f l i g h t  was made from P oke r  F l a t ,  A la s k a  
( l a t i t u d e  65° N).  The r o c k e t  a t t a i n e d  a maximum a l t i t u d e  o f  
223 km a t  240 s e c o n d s  a f t e r  l a u n c h .  The i n t e n s i t y  o f  t h e  
a t o m i c  oxygen y e l l o w i s h - g r e e n  l i n e  a s  m easured  by t h e  r o c k e t  
p h o t o m e t e r  i s  shown i n  t h e  l o w e r  c u r v e  o f  f i g u r e  1 a s  a 
f u n c t i o n  o f  t i m e  a f t e r  l a u n c h .  The p h o t o m e t e r  a c c e p t a n c e  
a n g l e  was a l o n g  t h e  m a g n e t i c  f i e l d  l i n e  b e n e a t h  t h e  r o c k e t .  
The p h o t o m e t e r  d a t a  shows a l i g h t  i n t e n s i t y  w e l l  above  
b a c k g ro u n d  (d a sh ed  l i n e )  a t  150 and 250 s e c o n d s  i n t o  t h e  
f l i g h t .  The r o c k e t  b e g i n s  t o  l o s e  a l t i t u d e  beyond 240 
s e c o n d s  so  t h a t  t h e  volume o f  e m i t t i n g  a t m o s p h e r e  b e n e a t h  
t h e  r o c k e t  (where  t h e  p h o t o m e t e r  i s  p o i n t e d )  d e c r e a s e s .  The 
p e ak s  i n  l i g h t  i n t e n s i t y  a r e  w e l l  c o r r e l a t e d  w i th  t h e  t o t a l  
e l e c t r o n  e n e r g y  f l u x  a t  t h e  r o c k e t  shown i n  t h e  t o p  c u r v e  o f  
f i g u r e  1.  T h i s  i s  e x p e c t e d ,  s i n c e  i t  i s  t h e  s e c o n d a r y  
e l e c t r o n s  p ro d u c e d  i n  i o n i z i n g  c o l l i s i o n s  be tw een  
i o n o s p h e r i c  c o n s t i t u e n t s  and  h ig h  e n e r g y  e l e c t r o n s  t r a v e l i n g  
a l o n g  t h e  m a g n e t i c  f i e l d  l i n e s  t h a t  e x c i t e  oxygen a tom s  t o
O
e m i t  t h e  5577 A g r e e n  a u r o r a l  l i n e . * 2 * A h ig h  e l e c t r o n  
e n e r g y  f l u x  i n d i c a t e s  t h a t  h ig h  e n e r g y  e l e c t r o n s  a r e  n e a r  
t h e  r o c k e t  g i v i n g  r i s e  t o  s e c o n d a r i e s  and a u r o r a l  e m i s s i o n s .
3F i g u r e  2 shows t h e  d i f f e r e n t i a l  e l e c t r o n  f l u x  
m easured  by r o c k e t  e l e c t r o s t a t i c  a n a l y z e r s * 6 * a s  t h e  
r o c k e t  p a s s e s  t h r o u g h  t h e  f i r s t  a u r o r a l  r e g i o n  e n c o u n t e r e d .  
The f l u x  i s  t h e  number o f  e l e c t r o n s  p e r  s econd  p e r  u n i t  
e n e r g y  i n t e r v a l  p e r  u n i t  d e t e c t o r  a p e r a t u r e  a r e a  p e r  u n i t  
s o l i d  a n g l e  a c c e p t e d  by t h e  d e t e c t o r .  The r o c k e t  d e t e c t o r s  
a c c e p t  e l e c t r o n s  t r a v e l i n g  w i th  v e l o c i t i e s  o v e r  a wide r a n g e  
o f  o r i e n t a t i o n s  w i th  r e s p e c t  t o  t h e  l o c a l  m a g n e t i c  f i e l d  
l i n e .  However, t h e  d a t a  o f  f i g u r e  2 i n c l u d e s  o n l y  t h o s e  
e l e c t r o n s  t r a v e l i n g  w i th  a v e l o c i t y  d i r e c t e d  w i t h i n  10° o f  
t h e  m a g n e t i c  f i e l d  l i n e  d i r e c t i o n  (downward to w a r d  t h e  e a r t h  
i n  t h e  n o r t h e r n  h e m i s p h e r e ) .  The s h a r p  peak a t  3 KeV ( d a r k  
c i r c l e s )  i s  t y p i c a l  o f  down coming a u r o r a l  e l e c t r o n  e n e r g y  
s p e c t r a .  T h i s  i s  t h e  beam o f  h ig h  e n e rg y  e l e c t r o n s  
t r a v e l i n g  a l o n g  t h e  e a r t h ' s  m a g n e t i c  f i e l d  l i n e s  t h a t  g i v e s  
r i s e  t o  low e n e r g y  s e c o n d a r i e s  be tw een  10. and 1000 eV (open 
c i r c l e s ) * 7 a *. The s e c o n d a r i e s  c a u s e  t h e  a u r o r a l  e m i s s i o n s  
t h r o u g h  e x c i t a t i o n  and r e c o m b i n a t i o n  r e a c t i o n s  w i t h  
a t m o s p h e r i c  c o n s t i t u e n t s .
F i g u r e  2 d o es  n o t  show t h e  i o n o s p h e r i c  backg round  
f l u x  e x p e c t e d  below 1 eV. A c c o rd in g  t o  t h e  J o n e s  and Bees  
model*9 * an  a v e r a g e  e n e r g y  o f  . 2  eV (kT=. 13 eV) i s  e x p e c t e d  
f o r  an i o n o s p h e r i c  back g ro u n d  a t  200 km. The model g i v e s  a 
d e n s i t y  o f  7 .6 x 1 0 *  cm- 3  f o r  t h e  a u r o r a l  r e g i o n  i o n o s p h e r e  
b ack g ro u n d  a t  200 km. The l o c a l  d e n s i t y  o f  p r im a r y  and 
s e c o n d a r y  e l e c t r o n s  i n  f i g u r e  2 can  be d e t e r m i n e d  from t h e  
f l u x  by t h e  method d e s c r i b e d  i n  Appendix A. The c a l c u l a t i o n
4g i v e s  a v a l u e  o f  5 . 3  cm- 3  f o r  t h e  p r im a r y  beam (103-10* eV) 
d e n s i t y  and  5 . 2  cm- 3  f o r  t h e  s e c o n d a r y  e l e c t r o n  (10 - 1 0 3 eV) 
d e n s i t y  f rom  t h e  f l u x  o f  f i g u r e  2 .  T h e r e f o r e ,  t h e  sum o f  
t h e  p r i m a r y  and  s e c o n d a r y  e l e c t r o n  d e n s i t i e s  i s  a b o u t  f o u r  
o r d e r s  o f  m a g n i tu d e  s m a l l e r  t h a n  t h e  b a ck g ro u n d  i o n o s p h e r e  
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Auroral Electron Flux for 0  to 10° Pitch Angle Electrons




71 .2  C u r r e n t  A tm o sp h e r i c  S c a t t e r i n g  Models
A t o s p h e r i c  s c a t t e r i n g  m ode ls  u s i n g  t h e  F o k k e r - P l a n c k  
d i f f u s i o n  e q u a t i o n  t o  compute  t h e  e l e c t r o n  e n e r g y  s p e c t ru m  
a t  lo w e r  a l t i t u d e s  (100-300  km) from an i n c i d e n t  beam
e n t e r i n g  t h e  a tm o s p h e r e  a t  h ig h  a l t i t u d e s  ( -6 0 0  km) have  
been  s u c c e s s f u l  i n  m ode l ing  t h e  p r o d u c t i o n  o f  low e n e r g y  
s e c o n d a r y  and  d e g r a d e d  p r im a r y  e l e c t r o n s .  F i g u r e  3 shows 
t h e  r e s u l t s  o f  an e l e c t r o n  s p e c t r a  c a l c u l a t i o n  made by Banks 
e t .  a l . * 7 > s t a r t i n g  w i th  t h e  i n c i d e n t  f l u x  shown a t  585 km. 
The i n c i d e n t  f l u x  was t a k e n  from r o c k e t  d e t e c t o r
m easu re m e n ts  made by R e a s o n e r  and C h a p p e l l * l 0 >. The
c a l c u l a t i o n  a ssu m es  an i s o t r o p i c  f l u x  and  g i v e s  t h e  f l u x  
i n t e g r a t e d  o v e r  t h e  e n t i r e  downward h e m i s p h e r e .  
The i n t e g r a t e d  f l u x  p e r  u n i t  s o l i d  a n g le
(•^- (cm~2- s e c _ 1 - s r ~ 1-  eV- 1 ) )  i s  o b t a i n e d  by d i v i d i n g  by th e  
2tt s t e r r a d i a n s  i n  t h e  downward h e m is p h e r e .
The a t m o s p h e r i c  s c a t t e r i n g  c a l c u l a t i o n s  o f  Banks e t .  
a l . * 7)  and  S t r i c k l a n d * 8 > show an E~2 d e p en d e n c e  f o r  t h e  low 
e n e r g y  e l e c t r o n  f l u x .  However, t h e  d a t a  o f  R ea so n e r  and 
C h a p p e l l * 10*, Feldmann and  D o e r i n g * 11*,  S h a rp  and H a y e s * 12> 
and  t h a t  o f  f l i g h t  18 :165  i n  f i g u r e  2 show an E~* d ependence  
f o r  t h e  low e n e r g y  (20-1000 eV) e l e c t r o n  f l u x .  S t r i c k l a n d  
and  P a p a d o p o u l o s * 16 1 3 » have  s u g g e s t e d  t h a t  p lasm a  
i n s t a b i l i t i e s  g i v e  r i s e  t o  t h e  g row th  o f  e l e c t r o s t a t i c  waves 
t h a t  d e r i v e  t h e i r  e n e r g y  from t h e  h i g h  e n e r g y  e l e c t r o n  beam. 
An e l e c t r o s t a t i c  wave w i th  a p h ase  v e l o c i t y  n e a r  t h e  beam
8v e l o c i t y  grows d u r i n g  t h e  e v o l u t i o n  o f  t h e  beam i n s t a b i l i t y  
and  g i v e s  r i s e  t o  a low p h a se  v e l o c i t y  e l e c t r o s t a t i c  wave 
t h r o u g h  p a r a m e t r i c  c o u p l i n g .  The low p h a se  v e l o c i t y  waves 
a c c e l e r a t e  low e n e r g y  e l e c t r o n s  t o  h i g h e r  e n e r g y .  T h i s  may 
a c c o u n t  f o r  a s m a l l e r  d e c r e a s e  i n  e l e c t r o n  f l u x  w i th  
i n c r e a s i n g  e n e r g y  f o r  t h e  low e n e r g y  e l e c t r o n s  th a n  t h a t  
p r e d i c t e d  by a t m o s p h e r i c  s c a t t e r i n g  a l o n e .  I t  i s  one o f  t h e  
p u r p o s e s  o f  t h i s  t h e s i s  t o  i n v e s t i g a t e  t h e  g rowth  o f  
e l e c t r o s t a t i c  waves from v e l o c i t y  s p a c e  p lasm a  i n s t a b i l i t i e s  
d e s c r i b e d  by t h e  c o l l i s i o n l e s s  Boltzmann e q u a t i o n  and  t o  
d e t e r m i n e  w h e th e r  o r  n o t  t h e y  can  a c c o u n t  f o r  t h e  
d i s c r e p a n c y  be tw een  measured  a u r o r a l  e l e c t r o n  s p e c t r a  and 
a t m o s p h e r i c  s c a t t e r i n g  c a l c u l a t i o n s .
Auroral Electron S p ec tra  from 
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1 .3  Where Do They Come From ?
The u l t i m a t e  s o u r c e  o f  t h e  e l e c t r o n s  t h a t  form t h e  
h ig h  e n e r g y  a u r o r a l  e l e c t r o n  beam i s  t h e  f l u x  o f  p a r t i c l e s  
from t h e  su n  known a s  t h e  s o l a r  w ind*1**. The s o l a r  wind i s  
a n e u t r a l  p la sm a  c o n s i s t i n g  o f  p r o t o n s  and  e l e c t r o n s  (w i th  
some minor  c o n s t i t u e n t  p o s i t i v e  i o n s ) . The e l e c t r o n s  h a v e  a 
d e n s i t y  o f  5 cm*3 and a mean e n e r g y  o f  100 eV*1* 1S>. 
Through some p r o c e s s  n o t  y e t  u n d e r s t o o d ,  t h e s e  e l e c t r o n s  
must be a c c e l e r a t e d  t o  k i l o v o l t  e n e r g i e s  t o  fo rm  t h e  a u r o r a l  
e l e c t r o n  beam. V a r i o u s  mechanisms i n v o l v i n g  anomalous  
p la sm a  r e s i s t i v i t y  c o n c e p t s * 13 161 and k i n e t i c  Alfve" n 
waves*>r > h ave  been p r o p o s e d .  S e v e r a l  r e g i o n s  o f  t h e  
e a r t h ' s  m a g n e to sp h e re  c o n t a i n  a c c e l e r a t e d  s o l a r  wind 
p a r t i c l e s  o f  k i l o v o l t  e n e r g i e s .  T a b l e  1 s u m m ar izes  e l e c t r o n  
p r o p e r t i e s  f o r  r e g i o n s  o f  t h e  m a g n e t o s p h e r e  shown i n  f i g u r e  
4 ( t a k e n  from F r a n k * 1 8 * ) .  S c a n n in g  t h r o u g h  t h e  t a b l e  one 
f i n d s  t h a t  t h e  p lasma s h e e t ,  m agne topause  and  r i n g  c u r r e n t  
c o n t a i n  e l e c t r o n s  o f  k i l o v o l t  e n e r g i e s  and d e n s i t i e s  on t h e  
o r d e r  o f  1 cm- 3 , and  t h e r e f o r e ,  a r e  l i k e l y  c a n d i d a t e s  f o r
t h e  m a g n e to sp h e re  s o u r c e  o f  h ig h  e n e r g y  a u r o r a l  e l e c t r o n s .
F i g u r e  5 shows a model o f  p a r t i c l e  f lo w  i n  t h e  
p lasm a  s h e e t  p ro p o se d  by R o s t o k e r  and  B os t rom *3 0 * t o  a c c o u n t  
f o r  B i r k l a n d  c u r r e n t  f low  a l o n g  t h e  m a g n e t i c  f i e l d  l i n e s  
i n t o  t h e  a u r o r a  o v a l  m easured  by Zmuda and A rm s t ro n g * 3 1 > and 
C l o u t i e r  e t .  a l . * 3 2 *. The d r i v i n g  f o r c e  f o r  t h e  B i r k l a n d  
c u r r e n t s  i s  t h e  c o n v e c t i v e  m o t ion  o f  t h e  plasma s h e e t
p a r t i c l e s * 33 3* > o u tw a rd  to w a r d  t h e  e d g e s  o f  t h e  p lasma 
s h e e t  ( d i r e c t i o n  i n d i c a t e d  by  7 i n  f i g u r e  5) and t h e  
m a g n e t o s h e a t h  b o u n d a ry  ( f i g u r e  h ) . T h i s  c o n v e c t i v e  m o t io n  
p r o d u c e s  a L o r e n t z  f o r c e  (g/m VxB} on t h e  d r i f t i n g  e l e c t r o n s  
and  p r o t o n s .  A c u r r e n t  (J) i s  p ro d u c e d  p e r p e n d i c u l a r  t o  t h e  
o u tw a rd  c o n v e c t i v e  f lo w  ( a r r o w s  c o n n e c t i n g  c o n s t a n t  
p o t e n t i a l  s h e e t s )  . I n  t h e  e q u i l i b r i u m  c o n d i t i o n ,  where  t h e  
p a r t i c l e s  d r i f t  a t  c o n s t a n t  v e l o c i t y ,  t h e  L o r e n t z  f o r c e  must 
be  b a l a n c e d  by a n  o p p o s i t e l y  d i r e c t e d  f o r c e  due  t o  an 
e l e c t r i c  f i e l d .  T h u s ,  t h e  e l e c t r i c  f i e l d  i s  o p p o s i t e  t h e  
d i r e c t i o n  o f  c u r r e n t  f lo w  and  no rm a l  t o  e g u i p o t e n t i a l  
s u r f a c e s  fo rmed a l o n g  m a g n e t i c  f i e l d  l i n e s  c o n n e c t i n g  t h e  
p la sm a  s h e e t  t o  t h e  a u r o r a l  a r c  r e g i o n .  The e l e c t r i c  f i e l d  
i s  c r e a t e d  by c h a r g e  s e p a r a t i o n  due t o  o p p o s i t e l y  d i r e c t e d  
L o r e n t z  f o r c e s  on t h e  d r i f t i n g  p lasm a  s h e e t  p r o t o n s  and 
e l e c t r o n s .  The c u r r e n t  l o o p  i s  c l o s e d  in  t h e  a u r o r a l  o v a l  
and  g i v e s  r i s e  t o  d i f f u s e  a u r o r a l  e m i s s i o n s  f rom i n t e r a c t i o n  
o f  t h e  h i g h  e n e r g y  (~1 KeV) c u r r e n t  c a r r y i n g  p la sm a  s h e e t  
e l e c t r o n s  w i th  t h e  i o n o s p h e r e .
The i o n o s p h e r i c  e l e c t r i c  f i e l d  i s  t h e  r e s u l t  o f  
c h a r g e  s e p a r a t i o n  i n  t h e  p lasm a  s h e e t  and  t h e  f o r m a t i o n  o f  
e g u i p o t e n t i a l  s u r f a c e s  a l o n g  m a g n e t i c  f i e l d  l i n e s  e x t e n d i n g  
i n t o  t h e  a u r o r a  o v a l .  I n  a c o l l i s i o n l e s s  p la sm a  i o n s  and 
e l e c t r o n s  b o t h  d r i f t  w i th  t h e  same v e l o c i t y  fx l j /B2 i n  
r e s p o n s e  t o  an e l e c t r i c  f i e l d ,  so  t h a t  no n e t  c u r r e n t  i s  
p r o d u c e d .  However,  when t h e  e l e c t r o n  o r  i o n  t o  n e u t r a l  
c o l l i s i o n  f r e q u e n c y  i s  a s i g n i f i c a n t  f r a c t i o n  o f  t h e
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e l e c t r o n  o r  i o n  c y c l o t r o n  f r e q u e n c y ,  c u r r e n t  f lo w  a lo n g  a 
t r a n s v e r s e  e l e c t r i c  f i e l d  ( P e d e r s o n  c u r r e n t s )  and i n  t h e  
d i r e c t i o n  ifxt  ( H a l l  c u r r e n t )  i s  o b s e r v e d . 4 7 4 > C o l l i s i o n s  
w i th  b a ck g r o u n d  n e u t r a l s  c a u s e  t h e  e l e c t r o n s  and i o n s  t o  
d r i f t  w i th  d i f f e r e n t  v e l o c i t i e s  and d i r e c t i o n s  d e p e n d in g  on 
t h e i r  r e l a t i v e  n e u t r a l  c o l l i s i o n  f r e q u e n c i e s  and c y c l o t r o n  
f r e q u e n c i e s  and g i v e s  r i s e  t o  n e t  c u r r e n t  f l o w .
P e d e r s o n  c u r r e n t s  c l o s e  t h e  c u r r e n t  l o o p  i n  t h e  
a u r o r a l  i o n o s p h e r e .  These  c u r r e n t s  a r e  fo rm ed  by t h e  f low  
o f  i o n s  above  100 km and e l e c t r o n s  below 100 km4 7 3 > 
p e r p e n d i c u l a r  t o  t h e  m a g n e t i c  f i e l d  i n  r e s p o n s e  t o  a 
t r a n s v e r s e  e l e c t r i c  f i e l d .  The maximum P e d e r s o n  c u r r e n t  
f lo w  be tw een  t h e  e g u i p o t e n t i a l  s u r f a c e s  fo rmed  a lo n g  t h e  
m a g n e t i c  f i e l d  l i n e s  must o c c u r  a t  an a l t i t u d e  of  a b o u t  
120 km where t h e  P e d e r s o n  c o n d u c t i v i t y  r e a c h e s  a 
maximum.<7 4 > The H a l l  c o n d u c t i v i t y  i s  a b o u t  t h e  same o r d e r  
o f  m a g n i tu d e  a t  t h i s  a l t i t u d e 476> and may g i v e  r i s e  t o  
a u r o r a l  c u r r e n t s  in  t h e  ExB d i r e c t i o n  t o  form t h e  p o l a r  
e l e c t r o j e t .
The E arth ’s Magnetosphere from Frank (,8)
cap (16Tf— ~pn .vt ~ep tw w/>*roT*i
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14
TABLE 1
TYPICAL MAGNETOSPHERE ELECTRON PARAMETERS 
F i g u r e  E l e c t r o n  E l e c t r o n
Key R eg ion D e n s i t y Ene rgy
1 S o l a r  Wind 5 cm-3 100 ev
2 M a g n e t o s h e a t h 10 200
3 P o l a r  Cusp 10 200
4 P la sm a  S h e e t .3 1 ,0 0 0
5 M ag n e to p au se 10 1 ,0 0 0
6 P l a s m a s p h e r e 100 1
7 P la s m a p a u s e
8 I o n o s p h e r e 1 0 s .1
9 High L a t .  T a i l 1 0 " a 10
10 O u t e r  R a d i a t i o n  
Zone .1 2 ,0 0 0
11 M a n t l e 1 200
12 A u r o r a l  Zone 5 /1 0  5 2 , 0 0 0 / . 1 3
13 Ring C u r r e n t 1 5 x  1 0 3
14 Van A l l e n  B e l t s i o - “ 1 0 6
15 Bow Shock 5 13
16 P o l a r  Cap 10-3 1 0 3
R e f e r e n c e
1 5 , 1 9 , 1 4
20
2 0 , 2 2
2 0 . 2 4 . 1 5 . 2 1  
15
1 5 ,2 5
2 4 ,1 5
2 5 .2 1
20
22
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A g rap h  o f  a n e a r  p la sm a  s h e e t  19Re ( e a r t h  r a d i i )  
e l e c t r o n  s p e c t r a  m easured  by e l e c t r o s t a t i c  a n a l y z e r s  on 
Vela  3B i s  shown i n  f i g u r e  6 a s  t a k e n  from Hones e t .  
a i . o s j  The e l e c t r o n  d e n s i t y  i s  ~1 cm- 3  and t h e  mean e n e r g y  
i s  1000 eV. The d o t t e d  l i n e  i s  a f i t  o f  a M axw el l ian  e n e r g y  
d i s t r i b u t i o n  w i th  a t e m p e r a t u r e  c o r r e s p o n d i n g  t o  kT=695 eV 
t o  t h e  s a t e l l i t e  d a t a .  The s p e c t r a  shows t h a t  t h e  p la sm a  
s h e e t  can  be  a s o u r c e  o f  h ig h  e n e r g y  a u r o r a l  e l e c t r o n s  
c o n v e c t e d  t o  t h e  a u r o r a l  o v a l  by a mechanism such  a s  t h e  
R o s t o k e r  and  Bos t rom *3 0 > model d e s c r i b e d  a b o v e .  The 
s u b s e q u e n t  i n t e r a c t i o n  o f  t h e  h ig h  e n e r g y  p lasm a  s h e e t  
e l e c t r o n s  w i th  t h e  i o n o s p h e r e  backg round  and t h e  p r o d u c t i o n  
o f  s e c o n d a r i e s  and d e g ra d ed  p r i m a r i e s  m igh t  g i v e  a s p e c t r u m  
s i m i l a r  t o  t h a t  m easured  by r o c k e t  a n a l y z e r s  su ch  a s  t h a t  
shown i n  f i g u r e  2.
A l th o u g h  e l e c t r o n s  w i th  p lasm a  s h e e t  d i s t r i b u t i o n s  
have  been  fo und  i n  r e l a t i v e l y  d i f f u s e  a u r o r a l  g lo w s * 3 2 5 , # 
e l e c t r o n  d i s t r i b u t i o n s  w i th  peak e n e r g i e s  s e v e r a l  k i l o v o l t s  
h i g h e r  t h a n  th e  t y p i c a l  p lasma s h e e t  d i s t r i b u t i o n  ( s e e  
f i g u r e  2) a r e  measured  i n  b r i g h t  d i s c r e t e  a u r o r a l  a r c s .  
S e v e r a l  a c c e l e r a t i o n  m echan ism s*13 16 17> have  b e e n  p r o p o s e d  
t o  i n c r e a s e  t h e  e n e r g y  o f  p lasm a  s h e e t  p a r t i c l e s  from 
t y p i c a l  peak  v a l u e s  o f  . 5  t o  1 keV found  i n  t h e  p lasm a  s h e e t  
t o  t h e  2 -  20 keV v a l u e s  m easured  i n  d i s c r e t e  a u r o r a l  a r c s  
( f i g u r e  2 ) .  An a c c e l e r a t e d  M ax w e l l ian  model p ro p o sed  by 
Kaufmann, Walker and A rn o ld y * 6*> i s  used  t o  model t h e  h ig h  
e n e r g y  e l e c t r o n  beam t h a t  g i v e s  r i s e  t o  t h e  d i s c r e t e  a u r o r a l
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a r c s  t h a t  we a r e  c o n c e r n e d  w i th  h e r e .  I n  t h i s  model a 
M axw el l ian  d i s t r i b u t i o n  o f  p lasma s h e e t  e l e c t r o n s  w i th  z e r o  
d r i f t  v e l o c i t y  i s  a c c e l e r a t e d  t h r o u g h  an e l e c t r o s t a t i c  
p o t e n t i a l  d i f f e r e n c e  w i th  a r e s u l t i n g  g a in  i n  e n e r g y  and t h e  
e s t a b l i s h m e n t  o f  a h ig h  d r i f t  v e l o c i t y .  The mechanism f o r  
t h e  c r e a t i o n  o f  t h e  e l e c t r i c  f i e l d  i s  n o t  s p e c i f i e d ,  b u t  t h e  
a c c e l e r a t i o n  r e g i o n  i s  b e l i e v e d  t o  be j u s t  above  t h e  a u r o r a l  
i o n o s p h e r e  a t  a b o u t  7 , 0 0 0  k m .* 77 7 8 J
T h i s  t h e s i s  w i l l  a n a l y z e  a s i m u l a t i o n  o f  t h e  
i n t e r a c t i o n  o f  h ig h  e n e r g y  p lasm a  s h e e t  e l e c t r o n s  w i th  t h e  
i o n o s p h e r e  i n  and above  t h e  a u r o r a l  o v a l  i n  t e r m s  o f  t h e  
c o l l i s i o n l e s s  e v o l u t i o n  o f  t h e  e l e c t r o n  v e l o c i t y  
d i s t r i b u t i o n  f u n c t i o n  a c c o r d i n g  t o  t h e  c o l l i s i o n l e s s  
Bo l tzm ann  e q u a t i o n .  At t h i s  t i m e  t h e  models  t h a t  h ave  been  
d e v e lo p e d  have  been c o l l i s i o n a l  models  b a s e d  on a t m o s p h e r i c  
s c a t t e r i n g  and  d i f f u s i o n  e q u a t i o n s * 7 8 3*>. They have  n o t  
i n c l u d e d  t h e  e l e c t r i c  f i e l d s  p ro d u c e d  by t h e  e l e c t r o n s  
t h e m s e l v e s  o r  t h e  e f f e c t  o f  t h e  e a r t h ' s  m a g n e t i c  f i e l d  on 
i n d i v i d u a l  p a r t i c l e  m o t io n .  T h i s  t h e s i s  w i l l  a n a l y z e  t h e  
e f f e c t  o f  s e l f - g e n e r a t e d  e l e c t r i c  f i e l d s  and  t h e  e a r t h ' s  
m a g n e t i c  f i e l d  on t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  
f u n c t i o n ,  b u t  n e g l e c t  t h e  c o l l i s i o n a l  e f f e c t s  c o n s i d e r e d  i n  
o t h e r  m o d e l s .  T h i s  can  be done b e c a u s e  t h e  c o l l i s i o n l e s s  
e f f e c t s  a l t e r  t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  s e v e r a l  
o r d e r s  o f  m ag n i tu d e  f a s t e r  t h a n  t h e  e f f e c t s  o f  i o n o s p h e r i c  
c o l l i s i o n s  ab o v e  300 km i n  t h e  r e g i o n  o f  i n t e r e s t  ( s ee  t a b l e  
3 ) .
18
Plasma Sheet Electron Spectra  From H o n es ,  et a l . ( 35)
VELA 3B , October 8 , 1965 at 19 Re 
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CHAPTER II
TIME EVOLUTION OF THE ELECTRON DISTRIBUTION FUNCTION
2 .1  E l e c t r o n  D i s t r i b u t i o n  F u n c t i o n
The e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  f ( x , v , t )  i s  
r e l a t e d  t o  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  e l e c t r o n s  i n  
t h e  s i x  d i m e n s i o n a l  s p a c e  s p a n n e d  by x and v by a c o n s t a n t  
e q u a l  t o  t h e  a v e r a g e  number o f  e l e c t r o n s  p e r  u n i t  
vo lume4 3 8 *. The number o f  e l e c t r o n s  i n  t h e  v e l o c i t y  and 
s p a c e  volume e l e m e n t s  d 3v and d3"x a b o u t  v and x a t  t i m e  t  
i s 437 >
N (x ,v , t )  = f ( x , v , t )  d3x d3v (2.1)
I n  t h e  a b s e n c e  o f  c o l l i s i o n s ,  t h e  d i s t r i b u t i o n  f u n c t i o n  a t  a 
l a t e r  t im e  t + S t  can be r e l a t e d  t o  t h e  d i s t r i b u t i o n  f u n c t i o n  
a t  t im e  t  a c c o r d i n g  t o 43 7 >
f (x  + vSt ,  v + g  fit, t  + 6t)  = f ( x , v , t )  , (2.2)
19
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where T  i s  an e x t e r n a l  f o r c e .  However,  i f  c o l l i s i o n s  a r e  
t a k e n  i n t o  a c c o u n t ,  f o r c e s  between e l e c t r o n s  n o t  i n c l u d e d  i n  
?  a c t  t o  a c c e l e r a t e  t h e  p a r t i c l e s  d u r i n g  t h e  c o l l i s i o n  
p r o c e s s .  C o l l i s i o n a l  a c c e l e r a t i o n s  a r e  t a k e n  i n t o  a c c o u n t  
by r e w r i t i n g  e q u a t i o n  2 . 2  a s
f (x  + vfit, v + jj  fit, t  + fit) = f ( x , v , t )  + f £ ) con  fit , (2.3)
o r  u s i n g  t h e  T a y l o r ' s  s e r i e s  e x p a n s i o n  o f  f ( t + 6 t )  a s  6 t  -*0 
( j t + v ' v + I ‘7v) f ( x , v , t ) = f^COll
E q u a t i o n  2 . 4  i s  c a l l e d  t h e  Bol tzm ann  e q u a t i o n  and i t  g i v e s  a 
g e n e r a l  d e s c r i p t i o n  o f  t h e  t i m e  e v o l u t i o n  o f  t h e  e l e c t r o n  
d i s t r i b u t i o n  f u n c t i o n .
The c o l l i s i o n l e s s  c h a n g e s  i n  t h e  d i s t r i b u t i o n
f u n c t i o n  i n v e s t i g a t e d  h e r e  w i l l  be  t h o s e  t h a t  o c c u r  on a
t i m e  s c a l e  much s h o r t e r  t h a n  t h e  t im e  be tw een  e l e c t r o n
c o l l i s i o n s  f o r  a l t i t u d e s  above  300 km ( s e e  t a b l e  3) ,  so
t h a t  t h e  c o l l i s i o n a l  t e rm  o f  e q u a t i o n  2 . 4  (-^-) ) i s  s m a l l
3t COLL
by c o m p ar i so n  w i th  t h e  c o l l i s i o n l e s s  t e r m s  and can be
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n e g l e c t e d .  The r e s u l t i n g  c o l l i s i o n l e s s  B o l tzm ann  e q u a t i o n  
o r  V la so v  e q u a t i o n * 4°> d e s c r i b e s  t h e  e v o l u t i o n  o f  t h e  
e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  f o r  e x t e r n a l  e l e c t r i c  and 
m a g n e t i c  f i e l d s  t o g e t h e r  w i t h  t h e  a v e r a g e  f i e l d s  p roduced  by 
t h e  e l e c t r o n s  on a t im e  s c a l e  s h o r t  by c o m p ar i so n  w i th  t h e  
c o l l i s i o n  t i m e .  T a b l e  2 shows t h e  e l e c t r o n - m o l e c u l a r  
n i t r o g e n  (N^) c o l l i s i o n  f r e q u e n c y  v a s  a f u n c t i o n  o f  
e l e c t r o n  e n e r g y .  The c o l l i s i o n  f r e q u e n c i e s  were c a l c u l a t e d  
from t h e  e x p e r i m e n t a l l y  d e t e r m i n e d  v a l u e s  o f  t h e  
" p r o b a b i l i t y  o f  c o l l i s i o n "  Pc found i n  Brown*41> f o r  
e l e c t r o n s  i n  a i r .  I t  can  be  s e e n  from t h e  t a b l e  t h a t  t h e  
c o l l i s i o n  f r e q u e n c y  i s  on t h e  o r d e r  o f
v(sec_1) -  2 x TO'7 N(CM- 3 ) (2.5)
o v e r  t h e  e n e r g y  r a n g e  10 t o  10 ,000  eV, where n i s  t h e  
n i t r o g e n  d e n s i t y .
The c o l l i s i o n l e s s  p la sm a  i n s t a b i l i t i e s  s t u d i e d  i n  
c h a p t e r s  3 and  4 t a k e  a t  most  2 ,0 0 0  p lasma o s c i l l a t i o n  
p e r i o d s  ( tOp ~ l ) t o  e v o l v e  t h e  d i s t r i b u t i o n  f u n c t i o n  t o  i t s  
n e a r  f i n a l  form f o r  i o n o s p h e r i c  e l e c t r o n  d e n s i t i e s  ( s e e  
t a b l e  5) , w h e re* 421
Up (rad/sec) = 2tt • 9000 ^ e (CM“3) ( 2 . 6 )
22
and ne  i s  t h e  e l e c t r o n  d e n s i t y .
T a b le  2
E l e c t r o n - M o l e c u l a r  N i t r o g e n  C o l l i s i o n  F r e q u e n c y  C a l c u l a t e d  
From t h e  E x p e r i m e n t a l  R e s u l t s  i n  Brown
E l e c t r o n  Energy  C o l l i s i o n  F r e q u e n c y  t o
E ( eV) N i t r o g e n  D e n s i t y  R a t i o
v/n  ( s e c - * - c n r 3 ) x107
10 1.71
100 3 .3 6
500 3 .6 3
1 .0 0 0  1 .85
5 .0 0 0  1 .1 9
1 0 . 0 0 0  1 . 6 8
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T h e r e f o r e ,  t h e  r a t i o  o f  c o l l i s i o n l e s s  i n s t a b i l i t y
deve lopm en t  t i m e  t ( - 2 ,0 0 0  oip t o  mean e l e c t r o n - n e u t r a l
c o l l i s i o n  t i m e  (r = v _ 1 ) i sc
, A C = 2x10-7 x 2,000
9000 vlN (CM- 3 )
6 (2.7)
= 4.4 x 10"8 N / v ^  .
T a b le  3 shows t h e  e l e c t r o n  and n i t r o g e n  d e n s i t y  a s  a 
f u n c t i o n  o f  a l t i t u d e  a s  g i v e n  i n  t h e  J o n e s  and  R e e s * 9 * 
a u r o r a l  i o n o s p h e r e  model.  A c c o r d i n g  t o  t a b l e  3,  t h e  
c o l l i s i o n l e s s  v e l o c i t y  i n s t a b i l i t i e s  grow a b o u t  t e n  t i m e s  
f a s t s t e r  t h a n  t h e  mean c o l l i s i o n  t im e  ( t  ) a t  320 km. The 
c o l l i s i o n  and i n s t a b i l i t y  t i m e s  become e q u a l  a t  200 km and 
c o l l i s i o n s  a r e  t h e  dom inan t  mechanism below 200 km. The 
e v o l u t i o n  o f  t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  due t o  
c o l l i s i o n l e s s  p lasma i n s t a b i l i t i e s  d e s c r i b e d  by t h e  V lasov  
e q u a t i o n  o c c u r  a t  l e a s t  an o r d e r  o f  m a g n i tu d e  f a s t e r  t h a n  
chan g es  i n  t h e  d i s t r i b u t i o n  f u n c t i o n  due t o  c o l l i s i o n a l  
p r o c e s s e s  above 300 km. T h e r e f o r e ,  t h e  c o l l i s i o n  te rm o f  
e q u a t i o n  2 . 4  i s  n e g l e c t e d  and t h e  c o l l i s i o n l e s s  V lasov  
e q u a t i o n  i s  u sed  t o  d e s c r i b e  t h e  e v o l u t i o n  of  t h e  e l e c t r o n  
d i s t r i b u t i o n  f u n c t i o n  i n  t h e  h ig h  a l t i t u d e  a u r o r a l  
i o n o s p h e r e .
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E l e c t r o n s  i n  t h e  m a g n e to sp h e re  and i n  t h e  h ig h  
e n e r g y  beam t h a t  g i v e s  r i s e  t o  t h e  a u r o r a  a r e  accom pan ied  by 
an e q u a l  d e n s i t y  of p r o t o n s  t h a t  m a i n t a i n  c h a r g e  n e u t r a l i t y .  
T h e r e f o r e ,  one s h o u ld  w r i t e  a V la so v  e q u a t i o n  f o r  p r o t o n s  a s  
w e l l  a s  f o r  e l e c t r o n s .  The e q u a t i o n s  a r e  c o u p l e d  t h r o u g h  
t h e  c a l c u l a t i o n  o f  t h e  e l e c t r i c  f i e l d  from P o i s s o n ’ s  
e q u a t i o n  r e l a t i n g  t h e  e l e c t r i c  f i e l d  t o  t o t a l  c h a r g e  
d e n s i t y .  However,  t h i s  t r e a m e n t  n e g l e c t s  t h e  a c c e l e r a t i o n  
o f  p o s i t i v e  i o n s  and p r o t o n s  compared  w i th  t h a t  o f  t h e  
e l e c t r o n s  b e c a u s e  o f  t h e i r  much l a r g e r  m asses  (Mp=1837Me). 
T h i s  w i l l  e x c l u d e  low f r e q u e n c y ,  s low g ro w th  i n s t a b i l i t y  
modes such  a s  t h e  i o n  a c o u s t i c  and  i o n  c y c l o t r o n  modes from 
t h e  mechanisms t h a t  p r o d u c e  c h a n g e s  i n  t h e  e l e c t r o n  
d i s t r i b u t i o n  f u n c t i o n .
The c o m p u t a t i o n a l l y  u s e f u l  d i s t r i b u t i o n  f u n c t i o n  i s  
r e l a t e d  t o  t h e  m e a s u r a b l e  e l e c t r o n  f l u x  i n  Appendix  A. For 
an i s o t r o p i c  f l u x  and a d i s t r i b u t i o n  f u n c t i o n  w r i t t e n  i n  
s p h e r i c a l  v e l o c i t y  c o o r d i n a t e s  ( e q u a t i o n  A11 i n  Appendix  A)
2E HE ' (2-9)
F i g u r e  7 shows t h e  i s o t r o p i c  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  
c a l c u l a t e d  from t h e  s o u n d i n g  r o c k e t  d a t a  o f  F i g u r e  2 u s i n g  
e q u a t i o n  2 . 9 .  I t  can  be  shown t h a t  a l l  i s o t r o p i c
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d i s t r i b u t i o n s  a r e  s t a b l e  t o  V la so v  v e l o c i t y  s p a c e  
i n s t a b i l i t i e s * * 3 *. T h e r e f o r e ,  i f  an e v o l u t i o n  o f  t h e  
e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  i s  t o  be o b s e r v e d ,  t h e  
d i s t r i b u t i o n  f u n c t i o n  and f l u x  must be d e t e r m i n e d  f o r  
a n i s o t r o p i c  d i s t r i b u t i o n s  a s  a f u n c t i o n  o f  e l e c t r o n  v e l o c i t y  
d i r e c t i o n  a s  w e l l  a s  m a g n i tu d e .
c a l c u l a t e d  from r o c k e t  f l u x  d a t a  a t  225 km i s  shown i n  
f i g u r e  8 t a k e n  from Kaufmann e t .  a l . < 4 *> The r o c k e t  f l u x  
d a t a  used i n  t h e  c a l c u l a t i o n  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  
f i g u r e  8 was a n a l y z e d  a s  a f u n c t i o n  o f  p i t c h  a n g l e  a ( a n g l e  
be tween  e l e c t r o n  v e l o c i t y  and m a g n e t i c  f i e l d  l i n e ) , so t h a t  
t h e  d i s t r i b u t i o n  f u n c t i o n  a s  a f u n c t i o n  o f  v e l o c i t y  p a r a l l e l  
t o  (v;/ ) and  p e r p e n d i c u l a r  t o  (v ^ ) t h e  m a g n e t i c  f i e l d  i s  
c a l c u l a t e d  from ( e q u a t i o n  A13, i n  A ppendix  A)
where i t  h a s  been  assumed t h a t  t h e  f l u x  i s  i s o t r o p i c  a b o u t  
t h e  m a g n e t i c  f i e l d ,  and  dv,t and dvx can  be c a l c u l a t e d  from
A t y p i c a l  two d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n
( 2 . 1 0 )
v.ii V COS a
( 2 . 1 1 )
V, v s in  a
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and t h e  p i t c h  a n g l e  and e n e r g y  r a n g e  o f  t h e  d a t a  s a m p l e s .  
The p e r s p e c t i v e  d raw in g  i n  f i g u r e  8 shows a s l i g h t  
a n i s o t r o p i c  p e a k in g  i n  f  f o r  e l e c t r o n s  w i th  t h e i r  v e l o c i t i e s  
a l o n g  t h e  f i e l d  l i n e .  However Kaufmann e t .  a l .< * * >  have  
c o n c lu d e d  t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  i s  s t a b l e  t o  
p a r a l l e l  and  p e r p e n d i c u l a r  e l e c t r o s t a t i c  waves.
I n  c h a p t e r  3 o f  t h i s  t h e s i s  t h e  e v o l u t i o n  o f  
s t r o n g l y  a n i s o t r o p i c  beams s t r e a m i n g  i n t o  a back g ro u n d  
p lasm a w i l l  be  d e t e r m i n e d  from t h e  o n e - d i m e n s i o n a l  V la so v  
e q u a t i o n .  T h i s  w i l l  be an a t t e m p t  t o  s i m u l a t e  t h e  i n i t i a l  
i n t e r a c t i o n  o f  s t r e a m i n g  p lasm a  s h e e t  e l e c t r o n  beams i n  t h e  
B i r k l a n d  c u r r e n t s  w i th  t h e  b a c k g ro u n d  e l e c t r o n s  i n  and above  
t h e  a u r o r a l  i o n o s p h e r e .  C h a p t e r  4 w i l l  s o l v e  t h e  2 1/2 
d i m e n s i o n a l  ( two sp ac e  and t h r e e  v e l o c i t y  d im e n s io n s )  V la so v  
e q u a t i o n  f o r  a n i s o t r o p i c ,  h ig h  a l t i t u d e  beam -background  
i n t e r a c t i o n s .
T a b l e  3
D e n s i t y  v s  A l t i t u d e  f rom  J o n e s  and  R e e s ^
A l t i t u d e E l e c t r o n  Den. N i t r o g e n  Den. Oxygen Den. Time R a t i o
(KM) _ 3ne (cm ) nn 2 (cn ' 3> . n0 (cm- 3 ) t/ tc
100 1 . 1 5 x l 0 3 8 . 5 5 x l 0 12 2 .19X1011 l . l l x l O 4
200 7 . 6 x l 0 4 4 . 9 2 x l 0 9 4 . Olx lO9 • 00
320 3 . 3 8 x l 0 4 1 . 9 1 x l 0 8 5 . 9 9 x l 0 8 .14
600 4 . 9 5 x l 0 3 2 . 3 1 x l 0 5 1 . 2 9 x l 0 7 8 . 0 x l 0 ~ 3
1000 1 . 0 9 x l 0 3 3 .8 6 x 1 0 8 . 9 9 x l 0 4 1 . 2 x l 0 - 3
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2 . 2  C o o r d i n a t e  Sys tem and F i n a l  E q u a t i o n s
The c o o r d i n a t e  sy s tem  u sed  f o r  t h e  s o l u t i o n  o f  t h e  
V lasov  e q u a t i o n  i s  shown i n  f i g u r e  9.  I t  h a s  been  c h o sen  so  
t h a t  t h e  n o t a t i o n  a g r e e s  w i th  t h a t  found i n  Cheng<*5 > whose 
n u m e r i c a l  m e thods  a r e  used  in  c h a p t e r s  3 and 4 .  N o t i c e  t h a t  
v^ i s  i n  t h e  x ,  j  - p l a n e  a t  an a n g l e  <j> w i th  t h e  x - a x i s .  The 
v e l o c i t y  c o o r d i n a t e  s y s t e m  c o n s i s t s  o f  t h e  B - a x i s  f o r  v(J and 
t h e  x and y^ a x e s  which d e f i n e  v^ and  <j>. The c o o r d i n a t e  
s p a c e  a x e s  a r e  t a k e n  a l o n g  t h e  x ,  y and z a x e s .  The 
m a g n e t i c  f i e l d  B makes an a n g l e  0 w i th  t h e  z - a x i s  and i s  
p e r p e n d i c u l a r  t o  t h e  x,  y ^ - p l a n e .  T h i s  t h e s i s  w i l l  show t h e  
i n t e g r a t i o n  o f  t h e  V lasov  e q u a t i o n  f o r  e = ir/2 o n l y .  In  
t h i s  c a s e  t h e  m a g n e t i c  f i e l d  i s  a l o n g  t h e  y - a x i s  so t h a t  v tl 
i s  a l o n g  y and  t h e  y - a x i s  i s  i n  t h e  n e g a t i v e  z d i r e c t i o n .
X
The V la so v  and P o i s s o n  e q u a t i o n s  t o  b e  s o l v e d  a r e
( 2 . 1 2 )
Coordinate  System
F igure  9
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where n i s  t h e  a v e r a g e  e l e c t r o n  d e n s i t y  and t h e  
n o r m a l i z a t i o n




v e lo c i ty
has  been  u s e d .  The p o s i t i v e  t e rm  i n  t h e  c h a r g e  d e n s i t y  i n  
P o i s s o n ’ s e q u a t i o n  i s  t h e  p r o t o n  o r  p o s i t i v e  i o n  d e n s i t y ,  
which i s  a lw a y s  e q u a l  t o  t h e  a v e r a g e  p o s i t i v e  c h a r g e  d e n s i t y  
f o r  t h e  s t a t i o n a r y  i o n  a s s u m p t i o n  made, and  t h e  n e g a t i v e  
te rm  i n c l u d i n g  t h e  i n t e g r a l  o v e r  f  i s  t h e  e l e c t r o n  c h a r g e  
d e n s i t y .  The g row th  o f  e l e c t r o s t a t i c  i n s t a b i l i t i e s  i n  t h e  
p lasm a  w i l l  m a n i f e s t  i t s e l f  by o r d e r e d  e l e c t r o n  c h a r g e  
d e n s i t y  v a r i a t i o n s  i n  s p a c e  o f  i n c r e a s i n g  a m p l i t u d e  g i v i n g  
r i s e  t o  e l e c t r o s t a t i c  e l e c t r i c  f i e l d s  t h r o u g h  P o i s s o n ’ s  
e q u a t i o n .  T hese  e l e c t r i c  f i e l d s  a c c e l e r a t e  t h e  e l e c t r o n s  t o  
i n c r e a s e  t h e  a m p l i t u d e  o f  t h e  c h a r g e  d e n s i t y  s p a t i a l  
v a r i a t i o n  s t i l l  f u r t h e r .
The e q u a t i o n s  t o  be  u sed  a r e  w r i t t e n  i n  
d i m e n s i o n l e s s  fo rm w h e re i n  t h e  l e n g t h s  a r e  m easu red  i n  Debye 
l e n g t h s  ( ) and  t i m e  i n  p lasma p e r i o d s  ( oip - 1 ) ( s e e
a p p e n d ix  B) . I n  t h e s e  u n i t s  t h e  V la so v  and  P o i s s o n
33
e q u a t i o n s  a r e
J £ +  v . f r  - ( £ +  v x £ c ) .v vf  = 0
(2.14)
1 ^  + ! ^  
ax ay 1 - f ( x , v , t )  d3v ,
a l l
velocity
where t h e  P o i s s o n  e q u a t i o n  h a s  been  w r i t t e n  i n  t h e  two s p a c e
v a r i a b l e s  t o  be  u sed  (x and  y ) , and t h e  e l e c t r o n  c y c l o t r o n
f r e q u e n c y  u and d i m e n s i o n l e s s  e l e c t r i c  f i e l d  E a r e  g i v e n
c
by
+ e t  -1 
“c " MC wp
(2 .15)
t  = ------— 2 ^(C9S units)
The plasma f r e q u e n c y  ^  and Debye l e n g t h  (Ap ) a r e
a)p2 = 4irNe2/m
(2.16)
X Q  = KT/4irNe2
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from which i t  can  be  i n f e r r e d  t h a t  t h e  t h e r m a l  v e l o c i t y / k T / m  
i s  e q u a l  t o  A ^
The f i n a l  d i m e n s i o n l e s s  form o f  t h e  V la so v  e q u a t i o n  
r e f e r r e d  t o  t h e  c o o r d i n a t e  s y s te m  shown i n  f i q u r e  9 i s  ( s e e  
Appendix  B)
9 f  , t , 9 f  , 9 f \  ,
a t  + (vi  cos+ m  + vn ay> +
(2 .17)
9 f  c  r  9 f
9V, Ex cos<f> ■ y  9V„
9 f  A  s i n  ♦  . ,
9* ( _ £ ------  + “C}
where t h e  e l e c t r i c  f i e l d  com ponen ts  a r e  t o  be  d e t e r m i n e d  
from t h e  s o l u t i o n  t o  t h e  P o i s s o n  e q u a t i o n  ( e q u a t i o n  2 . 1 4 ) .  
C h a p t e r  3 w i l l  d e s c r i b e  t h e  s o l u t i o n  t o  t h e  one  d i m e n s i o n a l  
s y s te m  o f  e q u a t i o n s  which a l l o w  a p a r a l l e l  v e l o c i t y  (vf/) and 
s p a c e  (y) d e p en d e n c e  o n l y .  C h a p t e r  4 g i v e s  t h e  n u m e r i c a l  
s o l u t i o n  t o  t h e  f u l l  t h r e e  v e l o c i t y  and  two s p a c e
35
d i m e n s i o n a l  s y s te m  d e s c r i b e d  by e q u a t i o n  2 . 1 7 ,  b u t  a t  t h e  
c o s t  o f  u s i n g  a c o a r s e  mesh o f  fe w er  g r i d  p o i n t s  upon which 
t h e  s o l u t i o n  i s  a v a i l a b l e .
CHAPTER III
ONE DIMENSIONAL BEAM-BACKGROUND INTERACTION
T y p i c a l  a u r o r a l  e l e c t r o n  s p e c t r a  o b s e r v e d  a t  r o c k e t
a l t i t u d e s  (100-1000  Km) show an a p p r o x i m a t e l y  i s o t r o p i c
d i s t r i b u t i o n  f u n c t i o n  i n  v e l o c i t y  s p a c e * 44 5 10> (see  f i g u r e
8 ) .  The one d i m e n s i o n a l  p r o j e c t i o n  o f  t h e  e l e c t r o n
d i s t r i b u t i o n  f u n c t i o n  o n to  t h e  f  (v„ , v ^  ) , v  pl-ane may show
a peaked  s t r u c t u r e  and  g i v e  i n s t a b i l i t y  g rowth  a c c o r d i n g  t o
t h e  o n e - d i m e n s i o n a l  V la so v  t h e o r y ,  b u t  i t  i s  w e l l  known*43>
t h a t  i s o t r o p i c  d i s t r i b u t i o n s  a r e  s t a b l e  i n  t h e  t h r e e
d i m e n s i o n a l  V lasov  e g u a t i o n  d e s c r i p t i o n .  The one
d i m e n s i o n a l  a n a l o g y  t o  t h e  t h r e e  d i m e n s i o n a l  problem must  be
c o n s t r u c t e d  by i n t e g r a t i n g  t h e  d i s t r i b u t i o n  f u n c t i o n  o v e r
a l l  n o n p a r a l l e l  v e l o c i t y  c o o r d i n a t e s .  T h i s  l e a d s  t o  a
s t a b l e  monotone • d e c r e a s i n g  o n e - d i m e n s i o n a l  d i s t r i b u t i o n
f u n c t i o n  f o r  i s o t r o p i c  d i s t r i b u t i o n s ,  even  th ough  an
i s o t r o p i c  peak  may be p r e s e n t  i n  t h e  t h r e e - d i m e n s i o n a l
36
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r e p r e s e n t a t i o n .
The one d i m e n s i o n a l  V la so v  t h e o r y  can  be  used  t o  
model a n i s o t r o p i c  " b u r s t s "  o c c a s i o n a l l y  o b s e r v e d * 52 53 
a t  r o c k e t  a l t i t u d e s .  These " b u r s t s ' *  a r e  f l u x e s  o f  h i g h  
e n e r g y  e l e c t r o n s  t h a t  a r e  s t r o n g l y  f i e l d  a l i g n e d .  The f l u x  
o f  e l e c t r o n s  s t r e a m i n g  a l o n g  t h e  f i e l d  i s  t e n  t i m e s  
g r e a t e r * 5 2 > t h a n  t h e  f l u x  i n  o t h e r  d i r e c t i o n s .  The one 
d i m e n s i o n a l  model may a l s o  be u sed  t o  model s t r e a m i n g ,  f i e l d  
a l i g n e d  p la sm a  s h e e t  e l e c t r o n s  a s  t h e  make t h e i r  way t o  t h e  
a u r o r a  o v a l  ( see  f i g u r e  5) and und e rg o  i n t e r a c t i o n s  w i th  
b ack g ro u n d  p la sm a s  i n  sp ac e  o r  above  t h e  a u r o r a  o v a l .
3.1 Numerical Methods
The one d i m e n s i o n a l  V la so v  e q u a t i o n  ( s e e  Appendix  B)
0 (3.1)
i s  s o l v e d  u s i n g  t h e  s p l i t t i n g  scheme o f  Cheng and K norr<4 *>. 
In  t h i s  method t h e  e l e c t r o n s  a r e  assumed t o  t r a v e l  a t  
c o n s t a n t  v e l o c i t y  f o r  one  h a l f  a t i m e  s t e p .  The e l e c t r i c  
f i e l d  i s  t h e n  c a l c u l a t e d  from t h e  d i s t r i b u t i o n  f u n c t i o n .  
N ex t ,  new e l e c t r o n  v e l o c i t i e s  a r e  c a l c u l a t e d  by c o n s t a n t  
a c c e l e r a t i o n  from t h e  e l e c t r i c  f i e l d  o v e r  a f u l l  t im e  s t e p .  
F i n a l l y ,  a n o t h e r  s p a c e  s h i f t  a t  t h e  newly c a l c u l a t e d
v e l o c i t y  i s  made o v e r  one h a l f  a t i m e  s t e p .  The e n t i r e  
s e q u e n c e  o f  s h i f t i n g  r e s u l t s  i n  a new d i s t r i b u t i o n  f u n c t i o n  
fN+l r e l a t e d  t o  t h e  o l d  one  f*'* by<*6 >
where t Ml. = t„  + At d e f i n e s  n and  t h e  e l e c t r i c  f i e l d  i s  
N+l N
e v a l u a t e d  a t  t^  + A t /2  so  t h a t
f n+1(x,v)  = f n (x-At(v+EAt/2),v+EAt) (3.2)
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The p a t h  t h a t  an e l e c t r o n  moving from x^ , v ^  t o  
X N+l * V N+l woul a t a k e  d u r i n g  a c o m p le te  t im e  s t e p  i s  shown 
i n  f i g u r e  10a ,  t o g e t h e r  w i th  t h e  c o r r e s p o n d i n g  c h a n g e s  i n  
t h e  d i s t r i b u t i o n  f u n c t i o n .  A M axw el l ian  v e l o c i t y  d ep en d en ce
and an x s p a c e  d ependence  h a s  been  s k e t c h e d  i n  10b-10d .
NI n  10b t h e  d i s t r i b u t i o n  f u n c t i o n  f  c h a n g e s  t o  a new form
f* due t o  an assumed s h i f t i n g  i n  s p a c e  o f  e l e c t r o n s
i n i t i a l l y  a t  x t o  t h e  new p o s i t i o n  x (see  10a) w h i le  a t  
c o n s t a n t  v e l o c i t y .  F i g u r e  10c shows t h e  ch an g e  in  t h e
d i s t r i b u t i o n  f u n c t i o n  f  * t o  f* *  t h a t  r e s u l t s  from e l e c t r o n s  
b e in g  i n s t a n t a n e o u s l y  a c c e l e r a t e d  t o  a new v e l o c i t y  
v^+i = v^ + E At ( s e e  10a) w h i l e  a t  a c o n s t a n t  s p a c i a l
p o s i t i o n .  The f i n a l  s p a c e  s h i f t  i s  shown in  f i g u r e  10d, and 
t h e  n e t  r e s u l t  o f  t h e s e  s h i f t s  i s  c a l c u l a t e d  i n  t h e  s e q u e n c e  
o f  e q u a t i o n s  t o  t h e  r i g h t .  Cheng and Knorr<+6 > show t h a t  
t h e  r e s u l t  o f  t h e s e  s h i f t s  ( e q u a t i o n  3 .2 )  i s  e q u i v a l e n t  t o  






c o r r e c t  t o  second  o r d e r  i n  A^r am* t h a t  a  s o l u t i o n  to t h e  
c h a r a c t e r i s t i c  e q u a t i o n s  i s  e q u i v a l e n t  t o  a s o l u t i o n  o f  t h e
40
V la so v  e q u a t i o n .
The d i s t r i b u t i o n  f u n c t i o n  i s  n u m e r i c a l l y  computed on
t h e  d i s c r e t e  mesh o f  g r i d  p o i n t s  shown in  f i g u r e  11. An
e x p r e s s i o n  f o r  t h e  number o f  g r i d  p o i n t s  i s  shown under  e ach
s k e t c h .  The new, s h i f t e d  d i s t r i b u t i o n  f u n c t i o n s  f* , f** 
N+land  f  ( s e e  f i g u r e  10) a r e  c a l c u l a t e d  by i n t e r p o l a t i n g  
t h e  o l d  d i s t r i b u t i o n  f u n c t i o n  e x i s t i n g  p r i o r  t o  t h e  s h i f t  t o  
o b t a i n  i t s  v a l u e  f o r  c o o r d i n a t e  v a l u e s  s p e c i f i e d  by t h e  
s h i f t i n g  e q u a t i o n s :
f * (yi ’vj )  = fN(y 1 -  f  • Vj>
'k'k ‘k
f  ( y i ) = f  (yi , Vj. + Ei  At) (3.7)
fN+1 < y ,  . v j ) -
I t  can  be s e e n  from e q u a t i o n s  3 . 7  t h a t  t h e  c o o r d i n a t e  v a l u e s  
f o r  which f  ^ , f *  and  f  ** on t h e  r i g h t  hand s i d e s  o f  
e q u a t i o n s  3 . 7  a r e  t o  be e v a l u a t e d  l i e  i n  be tween  g r i d  p o i n t s  
and  must be o b t a i n e d  by i n t e r p o l a t i o n .
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I n t e r p o l a t i o n  i n  t h e  y - d i r e c t i o n  i s  done by F o u r i e r  
i n t e r p o l a t i o n  u s i n g  t h e  e x p a n s i o n * 4 7 *
(3.8)
Bj s1n(f!L + \  an cos(r-N 2)
2
where
9 N - l  9
A, = tt I  f (y k = kAy) cos j y k)N k=0
N -l
(3.9)
Bj ’ f  J o f(yk) s1n (^ 3yk)
i = 1 — - 1j  ..........  2 '
The v e l o c i t y  s h i f t s  a r e  done by i n t e r p o l a t i n g  f * t o  f i n d  i t s  
v a l u e  a t  f * ( y - , v -+E.At) u s i n g  t h e  n a t u r a l  c u b i c  s p l i n e * 48*
I J  I
i n t e r p o l a t i o n
f (v )  = a ^ v - v ^ 3 + b ^ v - v . ) 2 + Cj (v-v.j) + d. (3.10)
where v  ^ <v<v,.+.j . The c o e f f i c i e n t s  a ^ ,  b ^ ,  c  . and  d . a r e
d e t e r m i n e d  by f i t t i n g  t h e  i n t e r v a l  be tw een  a d j a c e n t  d a t a  
p o i n t s  (v * v ) w i th  a c u b i c  e q u a t i o n  o f  t h e  form shown i n  
3 . 1 0  and m a tc h in g  f i r s t  and second  d e r i v a t i v e s  w i t h  t h e  
c u b i c  e q u a t i o n s  u s ed  t o  f i t  a d j a c e n t  i n t e r v a l s .  The s econd  
d e r i v a t i v e s  o f  t h e  c u b i c  e q u a t i o n s  f i t t i n g  t h e  f i r s t  and 
l a s t  i n t e r v a l  a r e  assumed t o  be z e r o  a t  t h e  f i r s t  and l a s t  
p o i n t  i n  t h e  n a t u r a l  c u b i c  s p l i n e  i n t e r p o l a t i o n  used 
h e r e . ***>
The e l e c t r i c  f i e l d  i s  c a l c u l a t e d  from P o i s s o n ' s  
e q u a t i o n  a f t e r  one h a l f  a t i m e  s t e p .  The e q u a t i o n  t o  be 
s o l v e d  i s
9E _ -j 
8y f(v ,y )dv  (3.11)
The v e l o c i t y  i n t e g r a t i o n  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  i s  
done by f i r s t  f i t t i n g  t h e  d i s t r i b u t i o n  w i th  a c u b i c  s p l i n e  
c u r v e  i n  t h e  v e l o c i t y  c o o r d i n a t e  and t h e n  i n t e g r a t i n g  t h e  
f i t t e d  c u r v e .  S u b r o u t i n e s  from t h e  IMSL*S 0 > p rog ram  l i b r a r y
a r e  used  t o  p e r f o r m  t h e  s p l i n e  f i t  and  s u b s e q u e n t
i n t e g r a t i o n .  A f t e r  i n t e g r a t i n g  t h e  d i s t r i b u t i o n  f u n c t i o n
o v e r  v e l o c i t y  ,  P o i s s o n ' s  e q u a t i o n  has  t h e  form
| f  = 1 -  F(y)  . ( 3 . 1 2 )
T h i s  e q u a t i o n  i s  s o l v e d  by F o u r i e r  t r a n s f o r m  methods*54 S5»
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by making t h e  s u b s t i t u t i o n s
EA(y^ = £Ay, t )
(3.13)
where t h e  f i n i t e  F o u r i e r  t r a n s f o r m  com ponen ts  a r e  g iv e n  by
w i th  k^ j = 277 n /L  and an even  number o f  g r i d  p o i n t s  N. These  
r e l a t i o n s  assume t h a t  t h e  e l e c t r i c  f i e l d  i s  p e r i o d i c  i n  a 
l e n g t h  L, s o  t h a t  t h e  maximum w a v e le n g th  i n c l u d e d  in  t h e  
f i n i t e  F o u r i e r  s e r i e s  f i t  t o  t h e  e l e c t r i c  f i e l d  i s  L. The 
l e n g t h  o f  t h e  r e p e t i t i o n  i n t e r v a l  L i s  e q u a l  t o  NAyr where 
Ay i s  t h e  s p a c i n g  be tw een  a d j a c e n t  g r i d  p o i n t s  ( see  f i g u r e  
11) and N i s  t h e  t o t a l  number o f  g r i d  p o i n t s .
N-l
^  I £ A(y4»t) e
£=0
(3.14)
F„(t) - Ay I F / y j . t )  e
4U
The s u b s t i t u t i o n  o f  t h e  f i n i t e  F o u r i e r  s e r i e s  
e q u a t i o n s  3 . 1 3  i n t o  P o i s s o n ’s  e q u a t i o n  3 .1 2  l e a d s  t o
U I  ^  En ■ 1 -  r  I  En e ' k"y “ ( 3 . 1 5 )
The z e r o t h  f i n i t e  F o u r i e r  t r a n s f o r m  a m p l i t u d e  o f  F ( v , t )  i s  





( 3 . 1 6 )
I- Jn .
f (y»v ,t )dvdy
1
where t h e  l a s t  e q u a t i o n  e x p r e s s e s  t h e  n o r m a l i z a t i o n  of t h e  
d i s t r i b u t i o n  f u n c t i o n .  The te rm  o f  t h e  sum i n  e q u a t i o n  
3 . 1 5  i s  c a n c e l l e d  by t h e  u n i t y  p o s i t i v e  c h a r g e  t e rm  so t h a t  
t h e  e q u a t i o n  can be  s o l v e d  f o r  t h e  e l e c t r i c  f i e l d  f i n i t e  
F o u r i e r  t r a n s f o r m  c o e f f i c i e n t s  t o  g i v e
en = 1 r -  ’ N ^ 0 (3-17)11 nn
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The z e r o t h  e l e c t r i c  f i e l d  F o u r i e r  t r a n s f o r m  c o e f f i c i e n t  (E ) 
i s  t a k e n  t o  be  z e r o  f o r  a p e r i o d i c  p o t e n t i a l  (V) s i n c e
N-l






The f i n a l  fo rm o f  t h e  e l e c t r i c  f i e l d  e q u a t i o n  i s  
o b t a i n e d  by r e w r i t i n g  t h e  summation i n  e q u a t i o n  3 . 1 3  a s
' f  f » 1K"y ‘
J l  E" e
EN/2 J KN / 2 y £ 
L e (3.19)
where E ( t ) =0 has  been  u s e d .  The e l e c t r i c  f i e l d  t r a n s f o r m  
com ponen t s  f rom e q u a t i o n  3 . 1 7  a r e  s u b s t i t u t e d  i n t o  3 .1 9  t o  
g i v e  t h e  f i n a l  form
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M y £’t ) £  Real
N/2 1 Fr
I
n - ln=l n
1 PN/2 J  KN/2 y £
L K,N/2
(3.20)
where  k = 2 V n / L .
N
The c o m p u te r  p rogram  used  t o  c a r r y  o u t  t h e  t im e  
e v o l u t i o n  o f  t h e  one d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  i s  
c a l l e d  VLAS 1D, and  i s  l i s t e d  i n  Appendix C t o g e t h e r  w i th  
p ro g ram s  t o  c a l c u l a t e  t h e  i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  and 
e l e c t r i c  f i e l d .
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f (x ,v )





a) Path  In  Phase Space 
f (x ,v )
- f  * (x ,v )  from 10b 
\  f** (x ,v )  = f*(x,v+E At)
I I
f “ (x ,v)
^  V-> * x
b) Space s h i f t  corresponding 
to  I in  10a
c) V elocity  s h i f t  corresponding 
to  I I  in  10a






d) Space s h i f t  corresponding 
to  I I I  in  10a
e) Equations
-n + l , N . . . ,  vAt N f ( X ,V )  = f**(x -  J  |V)
= f * (x -V~ t  , v+E At)
rn ,  vAt , vAt = f  (x -  — -(v+EAt
v+E At)




Discrete Grid Points for Numerical Calculation 
of the Distribution Function
V„
VMAX-*
3 /2  AV-0 , i
AV/2-9 ^  ***!o-T y
' 6  Ay \  ■
VA y / 2
Ny = L / A y
-VMAX





The t i m e  e v o l u t i o n  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  
c a l c u l a t e d  by VLAS1D i s  compared w i th  t h e  n u m e r i c a l  r e s u l t s  
found  i n  Cheng and Knorr<46> f o r  Landau damping i n  a 
M ax w e l l ian  plasma and e l e c t r i c  f i e l d  g ro w th  i n  t h e  two 
s t r e a m  i n s t a b i l i t y .  The p a r a m e t e r s  used  i n  a l l  o f  t h e  
VLAS 1D c o m p u te r  r u n s  a r e  l i s t e d  i n  s e c t i o n  C .2  i n  Appendix  
C. Sows B and  C o f  f i g u r e s  12 and 13 c o r r e s p o n d  t o  c a s e s  T2 
and T4 i n  t a b l e s  C-2 i n  Appendix C. Bow B i n  f i g u r e  14 
c o r r e s p o n d s  t o  c a s e  TS1 in  Appendix  C.
The i n i t i a l  d i s t r i b u t i o n  f u n c t i o n
2
f ( y , v , 0 )  = —  e ' v /2  (1 + A cos ky) (3.21)
v^ ir
i s  used  a s  t h e  i n i t i a l  c o n d i t i o n  f o r  a one d i m e n s i o n a l  
V la so v  e q u a t i o n  c a l c u l a t i o n .  The d i s t r i b u t i o n  h a s  a 
M axw el l ian  v e l o c i t y  d e p en d e n c e  w i th  a s p a c i a l  v a r i a t i o n  t h a t  
g i v e s  r i s e  t o  an  i n i t i a l  e l e c t r i c  f i e l d .  T h i s  can  be s e e n  
by s u b s t i t u t i n g  t h e  i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  i n t o  
P o i s s o n ' s  e q u a t i o n  3 . 1 1 .  A f t e r  i n t e g r a t i n g  t h e  d i s t r i b u t i o n  
f u n c t i o n  o v e r  v e l o c i t y ,  P o i s s o n ’ s  e q u a t i o n  becomes
= -  A cos ky (3.22)
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and the solution is
Ey(t=0) = =§r s in Ky (3.23)
f o r  E (y = 0 , t= 0 )  = 0.
The t i m e  d e v e lo p m e n t  o f  t h e  i n i t i a l  d i s t r i b u t i o n
f u n c t i o n  g i v e n  by e q u a t i o n  3 .2 1  i s  shown i n  f i g u r e  12 f o r
A=k=.5.  The t o p  row o f  f i g u r e s  i s  from Cheng and K norr<46> 
and t h e  r e m a i n i n g  two rows were c a l c u l a t e d  by VLAS1D ( c a s e s  
T2 and T h ) . The t i m e s  a r e  i n  u n i t s  o f  p la sm a  p e r i o d s
( Wp- 1 ) and  t h e  v e l o c i t y  i s  i n  u n i t s  o f  t h e r m a l  v e l o c i t y  
(/kT/m  ) .  The s p a c i a l  d e p en d e n c e  ha s  been  removed by 
i n t e g r a t i n g  t h e  d i s t r i b u t i o n  f u n c t i o n  f ( y , v , t )  ov e r  t h e  
i n t e r v a l  0 t o  L t o  o b t a i n  F ( v , t ) .  N o t i c e  t h e  p l a t e a u
s t r u c t u r e  a t  t= 1 0  i n  a l l  t h r e e  r u n s .  T h i s  f e a t u r e  i s  t h e  
w e l l  known<56 5 7 > r e s u l t  o f  t h e  Landau damping o f  an i n i t i a l  
e l e c t r i c  f i e l d  by e n e r g y  ex ch an g e  w i t h  t h e  p a r t i c l e s .  The 
e l e c t r i c  f i e l d  a c c e l e r a t e s  e l e c t r o n s  w i th  v e l o c i t i e s  j u s t  
below t h e  f i e l d  p h a se  v e l o c i t y  (shown by t h e  a r row  on t h e  
l o w e s t  v e l o c i t y  a x i s  i n  t h e  t= 0  c u r v e  o f  f i g u r e  12) t o  
h i g h e r  v e l o c i t i e s  f o r m in g  a p l a t e a u  s t r u c t u r e .
The f i l a m e n t a t i o n  s t a r t i n g  a t  t= 3 0  p lasm a p e r i o d s  
c a n n o t  be d e t e r m i n e d  a n a l y t i c a l l y  from t h e  a n a l y t i c  
g u a s i l i n e a r  t h e o r y  t h a t  i s  u sed  t o  p r e d i c t  t h e  p l a t e a u  
s t r u c t u r e  a t  t= 1 0 .  I t  i s  due t o  a n o n l i n e a r  c o u p l i n g
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between t h e  f r e e  s t r e a m i n g  s h i f t s  ( f i g u r e  10b) and t h e  f i r s t  
mode i n  t h e  e l e c t r i c  f i e l d  a c c e l e r a t i o n  ( e q u a t i o n  3 .1 3  and 
f i g u r e  10c).**®> N o n l i n e a r  a n a l y t i c  theory**® * g i v e s  a 
w a v e le n g th  o f  2 i r / k t  f o r  t h e  f i l a m e n t a t i o n ,  so  t h a t  a f t e r  a 
l o n g  t im e  p e r i o d  t h e  f i l a m e n t a t i o n  w a v e le n g th  becomes too  
s m a l l  t o  be o b s e r v e d  (compare t= 3 0  and t= 6 0  c u r v e s  i n  f i g u r e  
12) .
The e l e c t r i c  f i e l d  F o u r i e r  t r a n s f o r m  com ponen ts  ( s e e  
e q u a t i o n  3 .1 3 )  a r e  shown i n  f i g u r e  13 f o r  t h e  d i s t r i b u t i o n  
f u n c t i o n  c a l c u l a t i o n s  o f  f i g u r e  12.  The f i r s t  F o u r i e r  
component E i s  t h e  a m p l i t u d e  o f  t h e  t i m e  v a r y i n g  te rm  i n  
t h e  sum shown i n  e q u a t i o n  3 . 1 3  d i v i d e d  by t h e  r e p e t i t i o n  
l e n g t h  L w i th  a wavenumber
K-, = - p  (3.24)
The v a l u e  o f  L, The r e p e t i t i o n  l e n g t h ,  i s  c h o se n  t o  make t h e  
wave number o f  t h e  f i r s t  F o u r i e r  component k e q u a l  t o  t h e  
i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  s p a t i a l  t e rm  wavenumber k ,  so  
t h a t  t h e  maximum F o u r i e r  w a v e le n g th  L i s  e q u a l  t o  t h e  
i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  s p a c i a l  v a r i a t i o n  w a v e le n g th  
2 i r / k .  The f i r s t  F o u r i e r  component i s  t h e  o n l y  n o n z e r o  
component  a t  t = 0 ,  s i n c e  t h e  wavenumber o f  t h e  c o r r e s p o n d i n g  
t e rm  i n  t h e  F o u r i e r  e q u a t i o n  3 .1 3  i s  e x a c t l y  e q u a l  t o  t h a t  
o f  t h e  i n i t i a l  e l e c t r i c  f i e l d  k ( a s  shown i n  3 .2 3 )  and no 
a d d i t i o n a l  F o u r i e r  s e r i e s  t e r m s  a r e  needed  t o  f i t  t h e
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i n i t i a l  e l e c t r i c  f i e l d .  T h e r e f o r e ,  t h e  i n i t i a l  e l e c t r i c
f i e l d  i s  (f rom e q u a t i o n s  3 .2 3  and  3 . 1 3  w i th  E , =0)
+1
Et < V ° >  = - 7  s1n K h
1 , iKl y * iKly <u= i  (E1 e 1 * + e 1 l )
2 n 1 , r „ J V * ,= f- Real (E-j ( t=0)e 1 *) (3.25)
which i m p l i e s  t h a t
El (t=0) A
- T —  ■ W  1 <3-26>
F i g u r e  13 shows t h e  m ag n i tu d e  o f  E /L  a t  t=0  f o r  f i=k=.5.  
I t  can  be s e e n  from t h e  g raph  t h a t  t h e  v a l u e  o f  /L  a t  t= 0  
i s  . 5  i n  a g r e e m e n t  w i th  t h a t  e x p e c t e d  from e q u a t i o n  3 . 2 6 .  
The f r e q u e n c y  o f  t h e  r a p i d l y  o s c i l l a t i n g  e l e c t r i c  f i e l d  
F o u r i e r  a m p l i t u d e s  shown i n  f i g u r e  13 can be d e t e r m i n e d  from 
warm M ax w e l l ia n  d i s p e r s i o n  r e l a t i o n  ( to = a>p (1 + 
3 / 2  kz) ) . C S 6 )
The d i s t r i b u t i o n  f u n c t i o n  c a l c u l a t i o n s  made by 
VLAS1D a r e  done f o r  two t i m e  s t e p  s i z e s  and  compared i n  
f i g u r e  12.  The c e n t e r  row o f  f i g u r e s  i s  made w i th  A t = . 2  
p la sm a  p e r i o d s  and  t h e  l o w e r  s e q u e n c e  f o r  At=1. I t  can  be 
seen  t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  s e q u e n c e s  a r e  i n  c l o s e
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a g re e m e n t  ( w i t h i n  5%) and t h e  VLAS1D c a l c u l a t i o n s  compare 
f a v o r a b l y  w i t h  t h e  r e s u l t s  o f  Cheng and Knorr<**> shown i n  
row " a ” o f  f i g u r e  12 f o r  a t i m e  s t e p  o f  t = 0 . 1 2 5 .  However,  
t h e  e l e c t r i c  f i e l d  c a l c u l a t i o n s  shown i n  f i g u r e  13 show t h a t  
t h e  l a r g e r  t i m e  s t e p  f o r  t h e  VLAS1D c a l c u l a t i o n  i n  row "c"  
r e s u l t s  i n  a f i e l d  t h a t  g i v e s  o n ly  f a i r  a g r e e m e n t  w i t h i n  an 
o r d e r  of  m agn i tude  with  t h e  more a c c u r a t e  r e s u l t s  f o r  
s m a l l e r  t i m e  s t e p  s i z e s  shown i n  rows " a "  and  ,,b " .  The 
VLAS 1D c a l c u l a t i o n  o f  t h e  e l e c t r i c  f i e l d  u s i n g  t h e  s m a l l e r  
t i m e  s t e p  s i z e  of  A t = . 2  i s  shown i n  f i g u r e  13b. I t  shows 
e x c e l l e n t  a g re e m e n t  w i th  t h e  f i e l d  c a l c u l a t e d  by Cheng and 
K n o r r * * 6> shown i n  row " a " .  The sum o f  t h e  e l e c t r o n  k i n e t i c  
e n e r g y  and e l e c t r i c  f i e l d  e n e r g y  was c a l c u l a t e d  by n u m e r i c a l  
i n t e g r a t i o n  f o r  e a c h  t im e  f r am e  and found  t o  be c o n s e r v e d  t o  
w i t h i n  1% i n  t h e  V1AS1D c a l c u l a t i o n  o f  f i g u r e  12b and t o  
w i t h i n  6% f o r  t h e  c a l c u l a t i o n  o f  f i g u r e  12c.  The t o t a l  
number o f  p a r t i c l e s  i n  t h e  sys tem  i s  c o n s e r v e d  t o  w i t h i n  .1% 
f o r  a l l  c a l c u l a t i o n s .
The c o m p u t a t i o n  t i m e  r e q u i r e d  t o  p l o t  row ‘' b 11 i n  
f i g u r e s  12 and 13 by VLAS1D i s  22 m i n u t e s  o f  CPO t im e  ( c a s e  
T2 i n  A ppendix  C) compared w i th  a c o m p u t a t i o n  t i m e  o f  2 .5  
m i n u t e s  f o r  row " c M ( c a s e  T4 i n  Appendix C ) . The l o s s  o f  
a c c u r a c y  i n  c a l c u l a t i n g  t h e  e l e c t r i c  f i e l d  w i th  t h e  l a r g e  
t i m e  s t e p  s i z e  a t=1  used  i n  f i g u r e s  12c and 13c i s  
a c c e p t a b l e  i n  view o f  t h e  a c c u r a t e  d i s t r i b u t i o n  f u n c t i o n  
c a l c u l a t i o n  s t i l l  a v a i l a b l e  a t  t h i s  t im e  s t e p  s i z e  (compare 
12b and 1 2 c ) .  A dop t ing  t h e  l a r g e r  t im e  s t e p  s i z e  r e d u c e s
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t h e  r e q u i r e d  CPU t im e  by a f a c t o r  o f  10 which i s  an 
i m p o r t a n t  p r a t i c a l  c o n s i d e r a t i o n .  T h e r e f o r e ,  a t im e  s t e p  
s i z e  o f  a t = 1 p la sm a  p e r i o d s  i s  u s ed  f o r  t h e  r e m a in in g  one 
d i m e n s i o n a l  c a l c u l a t i o n s .
The e v o l u t i o n  o f  t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  
from an i n i t i a l l y  s y m m e t r i c  t w o - s t r e a m  d i s t r i b u t i o n  i s  shown 
i n  f i g u r e  14.  The i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  has  t h e  
form
. y i
f ( x ,v , 0 )  = —  v2 e 2 (1 + A cos Kx) , (3.27)
/2?
The c a l c u l a t i o n s  f o r  f i g u r e  14 were made w i th  A=.05 and k = .5  
( c a s e  TS1 i n  Appendix C ) . The i n i t i a l  v a l u e  o f  t h e  e l e c t r i c  
f i e l d  F o u r i e r  a m p l i t u d e  i s  e x p e c t e d  t o  b e  A/2k = .0 5  from 
e q u a t i o n  3 . 2 6 ,  and  t h i s  v a l u e  a g r e e s  w i th  t h e  t= 0  v a l u e  f o r  
t h e  e l e c t r i c  f i e l d  a m p l i t u d e  shown i n  f i g u r e  14c a s  
c a l c u l a t e d  by VLAS1D. A l l  o f  t h e  e l e c t r i c  f i e l d  F o u r i e r  
com ponen ts  i n c r e a s e  i n  m a g n i tu d e  o v e r  t h e  t i m e  p e r i o d  t= 0  t o  
t = 1 0 .  T h i s  i n d i c a t e s  t h a t  t h e  i n i t i a l  t w o - s t r e a m  
d i s t r i b u t i o n  i s  u n s t a b l e  t o  V lasov  v e l o c i t y  s p a c e  
i n s t a b i l i t i e s  and p a r t i c l e  k i n e t i c  e n e r g y  i s  t r a n s f o r m e d  
i n t o  t h e  e n e r g y  o f  t h e  e l e c t r i c  f i e l d .  The i n c r e a s e  i n  
p a r t i c l e  e n e r g y  d e n s i t y  n e a r  z e r o  v e l o c i t y  shown i n  f i g u r e  
14a and 14b a t  t=10  compared w i th  t h a t  a t  t= 0  shows t h a t  
e l e c t r o n s  o f  h i g h e r  v e l o c i t y  have  l o s t  e n e r g y  t o  i n c r e a s e  
t h e  d i s t r i b u t i o n  f u n c t i o n ,  and  t h e r e f o r e  p a r t i c l e  d e n s i t y .
55
a t  l o w e r  v e l o c i t i e s .  The k i n e t i c  e n e r g y  l o s t  by  t h e  
p a r t i c l e s  g o e s  t o  i n c r e a s e  t h e  e l e c t r i c  f i e l d  e n e r g y  a s
shown by t h e  i n c r e a s i n g  e l e c t r i c  f i e l d  a m p l i t u d e s  i n  f i g u r e  
14c o v e r  t h e  t= 0  t o  t= 1 0  t im e  p e r i o d .  The d i s t r i b u t i o n
f u n c t i o n  m a g n i t u d e s  c a l c u l a t e d  by Cheng and K norr< 4 6 > shown 
i n  f i g u r e  14a a g r e e  t o  w i t h i n  5% w i th  t h o s e  c a l c u l a t e d  by 
VLAS 1D w i th  a t i m e  s t e p  s i z e  o f  i t = 1 . 0  shown i n  f i g u r e  14b.
The e l e c t r i c  f i e l d  c a l c u l a t i o n  by  VLAS1D i s  a r o u g h  o r d e r  o f  
m a g n i tu d e  r e p r o d u c t i o n  o f  t h e  c o r r e s p o n d i n g  Cheng and
K norr< 4 6 > c u r v e  (n o t  show n) .











VELOCITY V (v /k T 7 rn  )


































































O 1 0 2 0 3 0 4 0 5 0  0  10 2 0 3 0 4 0 5 0  0  10 2 0 3 0 4 0 5 0  0  1 0 2 0 3 0 4 0 5 0 6 0
Time t (wp_l)
F ig u re  14'
3 . 3  Beam Background  I n t e r a c t i o n
The h i g h  e n e r g y  a u r o r a l  e l e c t r o n s  a r e  modeled by an 
a c c e l e r a t e d  M axw el l ian  d i s t r i b u t i o n  such  a s  t h e  beam shown 
in  f i g u r e  15.  The one d i m e n s i o n a l  M ax w e l l i a n  v e l o c i t y  
d i s t r i b u t i o n  f u n c t i o n
2
F(v) = e " 3v , (3.28)
h a s  an a v e r a g e  d r i f t  v e l o c i t y  o f  z e r o  and a t e m p e r a t u r e  o f  
kT= 3 - 1 . The i n t e g r a l  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  o v e r  
v e l o c i t y  i s  n o r m a l i z e d  t o  one by t h e  f a c t o r  /g /  it . The 
mechanism f o r  t h e  a c c e l e r a t i o n  o f  s o l a r  wind o r  p lasma s h e e t  
p a r t i c l e s  t o  t h e  k i l o v o l t  e n e r g i e s  m easured  i n  a u r o r a l  
e l e c t r o n  d i s t r i b u t i o n s  and o c a s s i o n a l l y  plasma s h e e t  
d i s t r i b u t i o n s  ( s e e  f i g u r e s  2 and 6) i s  n o t  y e t  u n d e r s t o o d .  
However,  f o r  t h e  p u r p o s e  o f  fo rm in g  a beam -background  
i n t e r a c t i o n  model an a c c e l e r a t e d  M ax w e l l ia n  d i s t r i b u t i o n  i s  
u sed  f o r  t h e  b eam .* 6 ** I n  t h i s  beam model i t  i s  assumed t h a t  
e l e c t r o n s  t r a v e l i n g  i n  t h e  d i r e c t i o n  o f  t h e  a c c e l e r a t i o n  
r e g i o n  ( e l e c t r o n s  w i th  v e l o c i t y  v g r e a t e r  t h a n  0) a r e  
a c c e l e r a t e d  t h r o u g h  a p o t e n t i a l  d i f f e r e n c e  t h a t  i n c r e a s e s  
t h e i r  k i n e t i c  e n e r g y  t o
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where  1/2mvQ2 i s  t h e  g a i n  i n  k i n e t i c  e n e r g y .  I t  can  be s e e n  
from 3 . 2 9 ,  t h a t  t h e  minimum v a l u e  o f  t h e  e l e c t r o n  v e l o c i t y  
v '  a f t e r  a c c e l e r a t i o n  i s  Vq. The d i s t r i b u t i o n  f u n c t i o n  
d e s c r i b i n g  t h e  a c c e l e r a t e d  e l e c t r o n s  Fa i s  r e l a t e d  t o  t h e  
d i s t r i b u t i o n  f u n c t i o n  p r i o r  t o  a c c e l e r a t i o n ,  F i n  e q u a t i o n  
3 . 2 8 ,  a c c o r d i n g  t o
where e q u a t i o n  3 . 3 0  e x p r e s s e s  c o n s e r v a t i o n  o f  p a r t i c l e s .  
The s u b s t i t u t i o n  o f  t h e  e x p r e s s i o n  f o r  F (v) from e q u a t i o n  
3 .2 8  i n t o  e q u a t i o n  3 .3 0  l e a d s  t o
where  t h e  t e r m  i n  p a r e n t h e s e s  i s  e q u a l  t o  dv .  In  o r d e r  t o  
s i m p l i f y  t h e  beam model,  t h e  d i s t r i b u t i o n  f u n c t i o n  e x p a n s i o n  
f o r  e l e c t r o n  v e l o c i t i e s  g r e a t e r  t h a n  Vq i s  u s e d .  In  t h i s  
c a s e  t h e  v 1 i n  t h e  n u m e r a to r  and d e n o m i n a t o r  c a n c e l  t o  f i r s t
F (v ' ) d v ‘ = F(v = / v ' 2 - v2 ) dv
a  U
(3.30)
F , ( v ‘ )dv' = / 3 / tt e
a (3.31)
o r d e r  i n  (v0/v«> 2 , and t h e  d i s t r i b u t i o n  f u n c t i o n  becomes
d V 1 ,  V '  >  V q (3.32)
where a i s  t h e  new n o r m a l i z a t i o n  c o n s t a n t  r e q u i r e d  t o  i n s u r e
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t h a t  t h e  i n t e g r a l  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  o v e r  a l l  
v e l o c i t y  i s  e q u a l  t o  o n e .
The t i m e  e v o l u t i o n  o f  t h e  e l e c t r o n  d i s t r i b u t i o n  
f u n c t i o n  f o r  an e l e c t r o n  beam w i th  a d e n s i t y  o f  .2825  t h a t  
o f  t h e  b ack g ro u n d  e l e c t r o n  d e n s i t y  i s  shown i n  f i g u r e  15a .  
The beam t e m p e r a t u r e  was chosen  t o  c o r r e s p o n d  to  t h e  640 eV 
beam wid th  c a l c u l a t e d  by Kaufmann e t .  a l . < 5 8 > from s o u n d in g  
r o c k e t  m e a s u re m e n ts  i n  an  a u r o r a l  p la sm a .  A backg round  
t e m p e r a t u r e  o f  10 eV i s  used  i n  t h e  c a l c u l a t i o n  o f  t h e  
b a ck g r o u n d  d i s t r i b u t i o n  f u n c t i o n  from e q u a t i o n  3 . 2 8 .  The 
c o m p l e t e  s e t  o f  p a r a m e t e r s  used  f o r  t h e  c a l c u l a t i o n s  made i n  
f i g u r e s  15 and  16 a r e  shown i n  Appendix  C (Rows a ,  b ,  c  and 
d c o r r e s p o n d  t o  c a s e s  AM2, AM3, AM20 and AMU i n  Appendix C.) 
C a l c u l a t i o n s  f o r  beam t o  M axw e l l ian  b a c k g ro u n d  r a t i o s  
(n ^ /n ^ )  o f  .02825-,  .002825  and 0 . 2 8 2 5 x 1 0- 5  a r e  shown i n  rows 
b ,  c  and d o f  f i g u r e  15.
The e l e c t r i c  f i e l d  F o u r i e r  t r a n s f o r m  c o e f f i c i e n t s  
d e f i n e d  i n  e q u a t i o n  3 .1 3  c o r r e s p o n d i n g  t o  t h e  d i s t r i b u t i o n  
f u n c t i o n  c a l c u l a t i o n s  o f  f i g u r e  15 a r e  shown i n  f i g u r e  16. 
The e l e c t r i c  f i e l d  grows from a v a lu e  o f  10~2 t o  ab o u t  . 5  
f o r  t h e  F o u r i e r  components  shown i n  rows a and b .  The 
e n e r g y  r e q u i r e d  f o r  t h e  g ro w th  i n  t h e  e l e c t r i c  f i e l d  comes 
from t h e  k i n e t i c  e n e r g y  i n  t h e  h i g h  e n e r g y  e l e c t r o n  beam 
e l e c t r o n s .  For ex am p le ,  t h e  t o t a l  k i n e t i c  e n e r g y  o f  t h e  
e l e c t r o n s  a s  d e t e r m i n e d  by i n t e g r a t i o n  o f  t h e  d i s t r i b u t i o n  
f u n c t i o n  d e c r e a s e s  by a f a c t o r  o f  two o v e r  t h e  t i m e  i n t e r v a l
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from t=20 t o  t=30 i n  t h e  s e g u e n c e  shown i n  f i g u r e  15a ,  w h i l e  
t h e  c o r r e s p o n d i n g  e l e c t r i c  f i e l d  a m p l i t u d e s  shown i n  f i g u r e  
16a grow by from 1 t o  3 o r d e r s  o f  m a g n i tu d e .  The k i n e t i c  
e n e r g y  i n  t h e  t im e  i n t e r v a l  t=30 to  t=60  i n  t h e  row b 
s e q u e n c e  o f  f i g u r e  15 d e c r e a s e s  by one t h i r d  a s  t h e  
c o r r e s p o n d i n g  e l e c t r i c  f i e l d  a m p l i t u d e s  grow by s e v e r a l  
o r d e r s  o f  m a g n i tu d e  o v e r  t h e  same t i m e  i n t e r v a l .
The g row th  r a t e  o f  t h e  e l e c t r i c  f i e l d  can be
e s t i m a t e d  from t h e  l i n e a r  V la so v  t h e o r y * 59 «<*> o r  t h e  c o l d
p la sm a ,  hyd ro d y n am ic  t h e o r y * 6 1 *. The c h o i c e  o f  t h e
a p p r o p r i a t e  t h e o r y  f o r  e s t i m a t i o n  o f  t h e  g row th  r a t e
d ep en d s  on t h e  r a t i o  o f  t h e  beam -background  d e n s i t y  r. / nb m
and t h e  beam v e l o c i t y  Vq .  H i k h a i l o v s k i i * 6 2 * g i v e s  t h e  
c r i t e r i a
(Nb /N e ) 1 / 3  v 0 »  1 ( 3 . 3 3 )
f o r  t h e  g ro w th  o f  t h e  hyd rodynam ic  two s t r e a m  i n s t a b i l i t y  i n
a low beam d e n s i t y  p lasm a  ( n , / n  « 1 )  , where n p i s  t h e  t o t a lb e
beam p l u s  b a ck g ro u n d  e l e c t r o n  d e n s i t y .  I f  3 .3 3  i s  n o t  
s a t i s f i e d ,  t h e n  t h e  g row th  r a t e  i s  d e t e r m i n e d  from t h e  
k i n e t i c  t h e o r y  f o r  a warm p la sm a .  T ab le  4 shows t h e  
a p p r o p r i a t e  a n a l y t i c a l  e x p r e s s i o n  f o r  t h e  r e s o n a n t  g ro w th  
r a t e  f o r  e a c h  o f  t h e  d i s t r i b u t i o n s  shown i n  f i g u r e  15.
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The a n a l y t i c a l  g row th  r a t e s  y  a r e  shown i n  t a b l e  4.  
The e l e c t r i c  f i e l d  g row th  r a t e s  f o r  a beam d e n s i t y  t o  
b ackg round  d e n s i t y  r a t i o  o f  . 2 8 2 5  r a n g e  from . 1 4  t o  .533  i n  
t h e  e l e c t r i c  f i e l d  c a l c u l a t i o n s  made by VLAS1D shown i n  
f i g u r e  16a.  T h i s  i s  i n  good a g r e e m e n t  w i th  t h e  a n a l y t i c a l  
o r d e r  o f  m a g n i tu d e  e s t i m a t e  shown i n  row one o f  t a b l e  4 o f  
.5  f o r  e q u a l  d e n s i t i e s  i n  t h e  beam and b a ck g r o u n d .  The 
a n a l y t i c a l  g row th  r a t e  of  . 2  f o r  a d e n s i t y  r a t i o  o f  .0 2 8 2 5  
shows f a i r  a g re e m e n t  w i th  t h e  .0 6  t o  .1 6  g rowth  r a t e s  
c a l c u l a t e d  by VLAS1D and shown i n  f i g u r e  16b. However,  t h e  
hydrodynam ic  a n a l y t i c a l  t h e o r y  p r e d i c t s  a g ro w th  r a t e  o f  .1 
f o r  a d e n s i t y  r a t i o  o f  .002825  and no g rowth  i s  s e e n  i n  t h e  
e l e c t r i c  f i e l d  c a l c u l a t i o n  f o r  t h i s  r a t i o  shown i n  f i g u r e  
16c o v e r  a t im e  p e r i o d  o f  60 p lasma p e r i o d s  . T h i s  i s  
p r o b a b l y  due t o  t h e  i n c r e a s i n g  t im e  l a g  be tween  t h e  i n i t i a l  
p e r t u r b a t i o n  and  t h e  o n s e t  o f  g ro w th  w i th  d e c r e a s i n g  beam t o  
b ack g ro u n d  d e n s i t y  r a t i o .  Both  t h e  l i n e a r  k i n e t i c  and t h e  
hydrodynam ic  t h e o r i e s  r e q u i r e  i n i t i a l  p lasm a  waves o f  f i n i t e  
a m p l i t u d e  t o  e x i s t  t h r o u g h o u t  t h e  p la sm a .  The p la sm as  
d e s c r i b e d  by t h e  d i s t r i b u t i o n  f u n c t i o n s  shown i n  f i g u r e  15 
a r e  p e r t u r b e d  w i th  an i n i t i a l  e l e c t r i c  f i e l d  c o r r e s p o n d i n g  
t o  t h e  f i r s t  F o u r i e r  com ponen ts  shown i n  f i g u r e  16. 
However ,  i t  may t a k e  some t i m e  f o r  p la sm a  waves a t  o t h e r  
wave numbers  t o  d e v e l o p  t h r o u g h o u t  t h e  p la sm a  by a c o u p l i n g  
be tween t h e  beam k i n e t i c  e n e r g y  and  e l e c t r i c  f i e l d  e n e r g y .  
I n  o r d e r  f o r  t h e  i n s t a b i l i t y  t o  grow, t h e r e  must be  t im e  f o r  
t h e  e l e c t r i c  f i e l d  t o  c a u s e  v e l o c i t y  p e r t u r b a t i o n s  in  t h e
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beam e l e c t r o n s  which i n  t u r n  must c a u s e  p a r t i c l e  
a c c e l e r a t i o n  l e a d i n g  t o  c h a r g e  b u n c h in g  t o  f u r t h e r  en h an ce  
t h e  e l e c t r i c  f i e l d .
I t  can  be s e e n  from f i g u r e  16 t h a t  t h e  t i m e  r e q u i r e d  
f o r  t h e  c r e a t i o n  o f  d e n s i t y  p e r i o d i c i t y  and t h e  a s s o c i a t e d  
e l e c t r i c  f i e l d s  o f  s u f f i c i e n t  a m p l i t u d e  t o  g i v e  g row th  
a c c o r d i n g  t o  t h e  l i n e a r  V la so v  o r  hyd rodynam ic  t h e o r y  i s  
a b o u t  20 p lasm a  p e r i o d s  f o r  a d e n s i t y  r a t i o  o f  . 2 8 2 5  and 30 
p la sm a  p e r i o d s  f o r  a d e n s i t y  r a t i o  o f  . 0 2 8 2 5  (compare 16a 
w i th  1 6 b ) . T h i s  i s  p r o b a b l y  b e c a u s e  t h e  h i g h e r  d e n s i t y  o f  
background  e l e c t r o n s  r e l a t i v e  t o  beam e l e c t r o n s ,  t h e  l e s s  
e f f e c t i v e  t h e  beam e l e c t r o n s  a r e  i n  c r e a t i n g  t h e  o r d e r e d  
p e r i o d i c  m o t io n  i n  b a c k g ro u n d  p a r t i c l e s  r e q u i r e d  f o r  t h e  
c r e a t i o n  o f  a n  e l e c t r o s t a t i c  e l e c t r i c  f i e l d  t h r o u g h o u t  t h e  
p la sm a .  The a b s e n c e  o f  g ro w th  i n  t h e  e l e c t r i c  f i e l d  shown 
in  f i g u r e  16c f o r  a beam t o  b a c k g r o u n d  d e n s i t y  r a t i o  o f  
.002825  may be  due t o  t h e  i n c r e a s e d  t i m e  r e q u i r e d  f o r  t h e  
beam e l e c t r o n s  t o  o r d e r  t h e  m ot ion  o f  t h e  b a c k g ro u n d  and 
a t t a i n  a c o u p l i n g  be tw een  t h e i r  v e l o c i t y  p e r t u r b a t i o n s  and 
t h e  e l e c t r i c  f i e l d  r e q u i r e d  t o  g i v e  g row th  a c c o r d i n g  t o  t h e  
l i n e a r  V lasov  o r  hydrodynam ic  t h e o r y .
The low g ro w th  r a t e  o f  5 .7 x 1 0 - *  c a l c u l a t e d  from t h e  
l i n e a r  V la so v  t h e o r y  f o r  a d e n s i t y  r a t i o  of . 2 8 2 5 x 1 0~5 
i n d i c a t e s  t h a t  no g row th  s h o u l d  be e x p e c t e d  b e f o r e  a b o u t  
1 .7 7 x 1 0 3 p lasma p e r i o d s .  The n u m e r i c a l  r e s u l t s  o f  
P a p a d o p o u lo s < * 3 > show t h a t  a t i m e  o f  5 ,0 0 0  p lasma p e r i o d s  i s
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r e q u i r e d  f o r  e l e c t r i c  f i e l d  e n e r g y  growth  t o  maximum v a l u e  
f o r  a b eam -background  d e n s i t y  r a t i o  o f  3x10“ 2 . T a b le  5 
shows t h e  c h a r a c t e r i s t i c  g row th  t i m e  T e q u a l  t o  t h e  t im e  
r e q u i r e d  f o r  t h e  e l e c t r i c  f i e l d  t o  grow t o  i t s  maximum v a l u e  
f o r  each  o f  t h e  s e q u e n c e s  shown i n  f i g u r e  15. The t im e  i n  
s e c o n d s  i s  o b t a i n e d  by d i v i d i n g  t h e  t i m e s  shown i n  f i g u r e  16 
by t h e  p lasm a  a n g u l a r  f r e q u e n c y  (o^ ) .  The e l e c t r o n  d e n s i t y  
n u sed  i n  t h e  c a l c u l a t i o n  o f  t h e  p la sm a  f r e q u e n c y  i s
d e t e r m i n e d  from t h e  beam -background  d e n s i t y  r a t i o  njJ / n rn an<* 
a t y p i c a l  a u r o r a l  beam d e n s i t y  o f  1 cm- 3  < 5 8 j .  The 
d i s t a n c e s  (yc ) t h a t  t h e  2 keV { 5 .3 7 x 1 0*km/sec)  beams i n  
f i g u r e  15 t r a v e l  d u r i n g  t h e  c h a r a c t e r i s t i c  i n s t a b i l i t y  
g ro w th  t i m e s  a r e  a l s o  shown i n  t a b l e  5 .  The c h a r a c t e r i s t i c  
g ro w th  t i m e s  f o r  d e n s i t y  r a t i o s  o f  .0 0 2 8 2 5  and 
.28 2 5 x 1 0 ~ s (rows c  and  d o f  f i g u r e  15 and  16 and  t a b l e  5) 
were e s t i m a t e d  from t h e  n u m e r i c a l  r e s u l t s  p r e s e n t e d  by 
P a p a d o p o u lo s  <6 3 >and t h e  a n a l y t i c a l  c a l c u l a t i o n s  shown i n  
t a b l e  4 .
The d i s t a n c e  t r a v e l l e d  by 2 keV a c c e l e r a t e d  
M axw el l ian  e l e c t r o n s  p a s s i n g  t h r o u g h  a M axw el l ian  b ack g ro u n d  
b e f o r e  d i s s i p a t i o n  o f  t h e  o n e - d i m e n s i o n a l  beam peak  by 
a s s i m i l a t i o n  i n t o  t h e  b ack g ro u n d  i s  l e s s  t h a n  100 km o r  
a b o u t  .01 e a r t h  r a d i i  (He) a c c o r d i n g  t o  t a b l e  5 .  The 
d i s t a n c e  t h a t  p lasma s h e e t  p a r t i c l e s  t r a v e l  i n  making t h e i r  
way t o  t h e  a u r o r a  o v a l  i n  t h e  E o s t o k e r  and B o s t rb m <30> model 
i s  from 5 t o  15 e a r t h  r a d i i .  T h e r e f o r e ,  i t  can be  c o n c lu d e d  
t h a t  s t r e a m i n g  a n i s o t r o p i c  p lasm a  s h e e t  e l e c t r o n s  must n o t
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p a s s  t h r o u g h  a b a ckground  p la sm a  o f  z e r o  d r i f t  v e l o c i t y  i f  
t h e y  a r e  t o  r e a c h  t h e  a u r o r a  o v a l  w i th  an a n i s o t r o p i c  f i e l d  
a l i g n e d  d i s t r i b u t i o n  f u n c t i o n .  I f  b ackg round  p la sm as  o f  
g r e a t e r  t h a n  100 km i n  e x t e n t  a r e  e n c o u n t e r e d ,  t h e  
a n i s o t r o p i c  e l e c t r o n  beam w i l l  l o s e  e n e r g y  t o  an 
e l e c t r o s t a t i c  e l e c t r i c  f i e l d  i n  t h e  g row th  o f  l o n g i t u d i n a l  
Langmuir  waves a c c o r d i n g  t o  t h e  one d i m e n s i o n a l  model 
p r e s e n t e d  h e r e .  The beam e l e c t r o n s  w i l l  e v e n t u a l l y  be 
a s s i m i l a t e d  i n t o  t h e  b a c k g ro u n d  and t h e  e l e c t r i c  f i e l d  w i l l  
b e g in  t o  d e ca y  by Landau damping ( s e e  f i g u r e  13) r a i s i n g  t h e  
p lasm a  t e m p e r a t u r e .
S t r e a m i n g  p la sm a  s h e e t  e l e c t r o n s  e n c o u n t e r  
b ack g ro u n d  p la sm a s  o f  s u f f i c i e n t  d e n s i t y  (~1 cm- 3 ) t o
e x t i n g u i s h  t h e  o n e - d i m e n s i o n a l ,  a n i s o t r o p i c  beam peak  
t h r o u g h  e n e r g y  l o s s  i n  Langmuir  o s c i l l a t i o n s .  However,  
g u a s i - i s o t r o p i c  h i g h  e n e r g y  e l e c t r o n s  a r e  m easured  by r o c k e t  
d e t e c t o r s  a t  i o n o s p h e r i c  a l t i t u d e s  o f  200 km ( s e e  f i g u r e s  7 
and 8 ) .  I n  view o f  t h e  f a c t  t h a t  i s o t r o p i c  d i s t r i b u t i o n s  
a r e  s t a b l e  t o  V lasov  i n s t a b i l i t i e s * 43>, t h a t  i s o t r o p i c  h i g h  
e n e r g y  e l e c t r o n s  a r e  m easured  a t  low a l t i t u d e s  and t h a t  a 
h ig h  e n e r g y  a n i s o t r o p i c  beam s t r e a m i n g  i n t o  t h e  i o n o s p h e r e  
would d i s s i p a t e  w i t h i n  one hundred  k i l o m e t e r s  o f  t r a v e l ,  i t  
i s  s u g g e s t e d  t h a t  t h e  h i g h  e n e r g y  beam i s  p i t c h  a n g l e  
s c a t t e r e d  by t h r e e  d i m e n s i o n a l  v e l o c i t y  i n s t a b i l i t i e s  w i t h i n  
a hundred  k i l o m e t e r s  o f  t h e i r  f i r s t  e n c o u n t e r  w i th  
b ack g ro u n d  e l e c t r o n s  from t h e  a u r o r a  o v a l .  I f  t h e  
a n i s o t r o p i c  beam d o e s  n o t  s c a t t e r  t o  become g u a s i - i s o t r o p i c
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s u c h  a s  t h e  e l e c t r o n s  r e p r e s e n t e d  by t h e  d i s t r i b u t i o n  shown 
i n  f i g u r e  8,  t h e y  w i l l  l o s e  e n e r g y  t o  t h e  back g ro u n d  and be 
a s s i m i l a t e d  w i t h i n  a few hundred  k i l o m e t e r s  o f  t r a v e l .  
O c c a s i o n a l l y  an a n i s o t r o p i c  s t r o n g l y  f i e l d  a l i g n e d  e l e c t r o n  
beam " b u r s t "  i s  m e a s u r e d * 52 53 1 6 >. These " b u r s t s "  a r e  
s h o r t  l i v e d  l a s t i n g  a t  most a few s e c o n d s * 5 2 *. They may be 
due t o  a c c e l e r a t i o n  by a l o c a l  e l e c t r i c  f i e l d  i n  t h e  
i o n o s p h e r e  w i t h i n  a h u n d r e d  k i l o m e t e r s  o f  t h e  o b s e r v a t i o n  
p o i n t  ( o t h e r w i s e  t h e y  would decay  o r  be p i t c h  a n g l e  
s c a t t e r e d  by  t h e  t im e  t h e y  r e a c h  t h e  r o c k e t ) ,  o r  t h e  " b u r s t "  
e l e c t r o n s  may h a v e  p e n e t r a t e d  i n t o  t h e  i o n o s p h e r e  t h r o u g h  a 
r e g i o n  o f  e x c e p t i o n a l l y  low e l e c r o n  d e n s i t y .  T h i s  low 
d e n s i t y  r e g i o n  would be a s h o r t  l i v e d  h o l e  i n  t h e  r e g i o n  
above  t h e  i o n o s p h e r e  where  t h e  e l e c t r o n s  a r e  u s u a l l y  p i t c h  
a n g l e  s c a t t e r e d .
A beam o f  " b u r s t "  e l e c t r o n s  i n  t h e  i o n o s p h e r e  o f  t h e  
a u r o r a l  o v a l  e n c o u n t e r s  an i s o t r o p i c  power law  d i s t r i b u t i o n  
o f  s e c o n d a r y  e l e c t r o n s  p ro d u c e d  by i o n i z a t i o n  o f  i o n o s p h e r i c  
c o n s t i t u e n t s .  A cco rd ing  t o  Banks  e t .  a l . * 2> and S t r i c k l a n d  
e t .  a l . * a > t h e  d i f f e r e n t i a l  e l e c t r o n  f l u x  (d J /dE )  s h o u l d  be 
p r o p o r t i o n a l  t o  t h e  i n v e r s e  s q u a r e  o f  t h e  e n e r g y  (E- 2 ) i n  
t h e  e n e r g y  r a n g e  from 10 t o  200 eV. Measured s e c o n d a r y  
d i s t r i b u t i o n s  show an E- 1  d e p en d e n c e * 43 16 6 3 > o v e r  t h i s  
e n e r g y  r a n g e  ( see  f i g u r e  2) . A cco rd in g  t o  P a p a d o p o u lo s ,  t h e  
d i f f e r e n c e  may be a t t r i b u t e d  t o  t h e  g rowth  o f  an e l e c t r i c  
f i e l d  w i t h  a p h a s e  v e l o c i t y  e q u a l  t o  t h e  beam v e l o c i t y  and 
p a r a m e t r i c  c o u p l i n g  t o  l o w e r  p h a se  v e l o c i t y  waves a t  t h e
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v e l o c i t i e s  e q u a l  t o  t h e  low e n e r g y  s e c o n d a r y  e l e c t r o n  
v e l o c i t i e s .  The low p h a s e  v e l o c i t y  waves would a c c e l e r a t e  
e l e c t r o n s  t o  h i g h e r  e n e r g i e s  r e d u c i n g  t h e  f l u x  d ependence  on 
e n e r g y  f rom  E-2  t o  E-* t h r o u g h  a p r o c e s s  s i m i l a r  t o  t h e  
Landau damping o f  a h ig h  i n i t i a l  e l e c t r i c  f i e l d  shown i n  
f i g u r e  12 t h a t  l e a d s  t o  t h e  f o r m a t i o n  o f  a p l a t e a u  
s t r u c t u r e .  The g row th  o f  an e l e c t r i c  f i e l d  t h r o u g h  t h e  beam 
i n s t a b i l i t y  d e s c r i b e d  above d e p en d s  on t h e  e x i s t e n c e  o f  an 
a n i s o t r o p i c  e l e c t r o n  beam " b u r s t "  s t r e a m i n g  a l o n g  t h e  
m a g n e t i c  f i e l d  l i n e s .  The more t y p i c a l  g u a s i - i s o t r o p i c  h ig h  
e n e r g y  d i s t r i b u t i o n s  m easured  a r e  s t a b l e  t o  p a r a l l e l  
Langmuir  waves*44 43> and w i l l  n o t  l e a d  t o  e l e c t r i c  f i e l d  
g ro w th .  E l e c t r o n s  i n  t h e  beam t r a v e l  a few k i l o m e t e r s  
t h r o u g h  t h e  b ack g ro u n d  b e f o r e  t h e  i n s t a b i l i t y  can  d e v e lo p  
( s e e  t a b l e  5) so  t h a t  u n i fo rm  plasma r e g i o n s  o f  a t  l e a s t  
s e v e r a l  k i l o m e t e r s  e x t e n t  must  e x i s t  i n  t h e  a u r o r a l  
i o n o s p h e r e  i n  o r d e r  t o  make t h e  i n f i n i t e  e x t e n t  one 
d i m e n s i o n a l  p la sm a  model u sed  h e r e  a p p l i c a b l e .
The one  d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  used  t o
model t h e  t h r e e  d i m e n s i o n a l  d i f f e r e n t i a l  e l e c t r o n  f l u x  i s
d e t e r m i n e d  from t h e  r e l a t i o n  be tw een  number d e n s i t y  (dn) and
t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  f ( v  , v  . v  ) ( s e e  eg .x y z
A-7 1 i n  Appendix  A)
dN dv = ( f ( V Vg ’ Vz ) d V x  d v y  d V z )  X
(dA_cos0 ) ( r 2 dn d t j (3 33)
4 ir r
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and t h e  d e f i n i t i o n  o f  d i f f e r e n t i a l  e l e c t r o n  f l u x  d J /d E  ( s e e  
e q u a t i o n  A-1 ,  Appendix A)
dJ _ dN dv tr, o/n
dE " (dA cos e) d t  dE dfi ’
where  dV i s  t h e  volume e l e m e n t  o f  t h e  e l e c t r o n  s o u r c e ,  
dA c o s (  e ) i s  t h e  s u r f a c e  a r e a  no rm a l  t o  t h e  f l u x  t h r o u g h  
which dn dv p a r t i c l e s  p a s s  i n  a t i m e  d t  and dft i s  t h e  
s o l i d  a n g l e  s u b t e n d e d  by t h e  s o u r c e  volume (dV) a t  t h e  
n o rm a l  a r e a  (dA c o s ( e  ) ) .  The e x p r e s s i o n  f o r  t h e  e q u a t i o n s  
3 . 3 3 ,  3 . 3 4  and dJ/dE=A E-« i s
f ( V y v z ) = Vy4 6(vx ) 5(vz ) , (3.35)
where t h e  x and y v e l o c i t i e s  a r e  t a k e n  t o  be z e r o  i n  t h e  one 
d i m e n s i o n a l  model u s ed  here® The c o n s t a n t  i s  d e t e r m i n e d  
from t h e  n o r m a l i z a t i o n
v .unn
f ( v y )  dvy = Nb/Ne (3.36)
which s e t s  t h e  s e c o n d a r y  b a c k g ro u n d  e l e c t r o n  d e n s i t y  e q u a l
t o  t h e  h i g h  e n e rg y  beam d e n s i t y  ( n . ) .  The minimumD
s e c o n d a r y  b a c k g ro u n d  v e l o c i t y  vm-- was c h o se n  t o  be  e q u a l  t o  
t h e  v e l o c i t y  o f  TO eV e l e c t r o n s ,  and t h e  f i n a l  e x p r e s s i o n
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f o r  t h e  one d i m e n s i o n a l  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  f o r  
s e c o n d a r y  b a ck g r o u n d  e l e c t r o n s  i s
h ig h  e n e r g y  e l e c t r o n  beam and b a ckground  c o n s i s t i n g  o f  a 
10 eV M ax w e l l ia n  and t h e  power law  s e c o n d a r i e s  r e p r e s e n t e d  
by t h e  d i s t r i b u t i o n  shown i n  e q u a t i o n  3 . 3 7 .  The M axw el l ian  
ba ckg round  was c h o se n  t o  have a d e n s i t y  10s t i m e s  t h a t  o f  
t h e  s e c o n d a r i e s  and  beam e l e c t r o n s  (-see t a b l e  C - 1 i n  
Appendix  C) r o u g h l y  c o r r e s p o n d i n g  t o  t h e  r e l a t i v e  d e n s i t y  
o b s e r v e d  i n  t h e  a u r o r a l  i o n o s p h e r e * 9>. A u r o r a l  i o n o s p h e r e  
m ode ls*9 * show a - 0 . 2  eV M axwel l ian  b a ckground  mean e n e r g y .  
However ,  a v a l u e  o f  10 eV was used  t o  g i v e  more v e l o c i t y  
g r i d  p o i n t s  i n  t h e  M axw el l ian  b a c k g r o u n d .  The r a t i o  o f  t h e  
ba ckg round  t e m p e r a t u r e  t o  t h e  beam t e m p e r a t u r e  
( c o r r e s p o n d i n g  t o  640 eV) r e m a i n s  low w i th  a v a l u e  o f  0 . 0 1 6 .  
The f u l l  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  u s e d  t o  i n i t i a t e  t h e  
VLASID c a l c u l a t i o n s  shown i n  f i g u r e s  17, 18 and  19 i s
(3.37)
F i g u r e s  17, 18 and 19 show t h e  i n t e r a c t i o n  be tw een  a
y




where t h e  v a l u e  o f  v . i s  c h o s e n  t o  c o r r e s p o n d  t o  anmin
e l e c t r o n  e n e r g y  o f  10 eV.
The d i s t r i b u t i o n  f u n c t i o n  shows a l m o s t  no ch an g e  
o v e r  t h e  t i m e  p e r i o d  t= 0  t o  t= 1 2 0  plasma p e r i o d s  shown i n  
f i g u r e  17. R e c o r d in g  t o  t h e  n u m e r i c a l  r e s u l t s  o f  
P a p a d o p o u lo s * 631 and a n a l y t i c  c a l c u l a t i o n s  from l i n e a r  
t h e o r y  ( t a b l e  4) s e v e r a l  t h o u s a n d  p la sm a  p e r i o d s  a r e  
r e q u i r e d  f b r  a beam i n s t a b i l i t y  t o  g i v e  e l e c t r i c  f i e l d  
g ro w th  w i th  a p h a s e  v e l o c i t y  e q u a l  t o  t h e  beam v e l o c i t y .  
The m ag n i tu d e  o f  t h e  f i r s t  two F o u r i e r  component  e l e c t r i c  
f i e l d  a m p l i t u d e s  a r e  shown i n  t h e  l o w e r  r i g h t  o f  f i g u r e  17. 
They show no t i m e  a v e r a g e d  g row th  o v e r  t h e  t i m e  p e r i o d  from 
t = 0  t o  t= 6 0  p la sm a  p e r i o d s .  L i t t l e  change  i n  t h e  
d i s t r i b u t i o n  f u n c t i o n  i s  o b s e r v e d  o v e r  t h e  i n i t i a l  120 
p la sm a  p e r i o d s  o f  i n t e r a c t i o n .  However,  some change  has  
o c c u r r e d  o v e r  t h e  i n t e r v a l  t = 0  t o  t= 1 0  p lasma p e r i o d s .  
E l e c t r o n s  w i th  a v e l o c i t y  o f  a b o u t  18 ( i n  u n i t s  o f  t h e r m a l  
v e l o c i t y  AT/m ) i n d i c a t e d  by t h e  a r row  have  been 
a c c e l e r a t e d  t o  h i g h e r  v e l o c i t i e s  ( c r o s s  h a t c h )  by t h e  
e l e c t r i c  f i e l d .
The d i s t r i b u t i o n  f u n c t i o n  s e q u e n c e  shown i n  f i g u r e  
18 was s t a r t e d  w i th  a h ig h  i n i t i a l  e l e c t r i c  f i e l d  w i t h  a 
p h a s e  v e l o c i t y  e q u a l  t o  t h e  v e l o c i t y  o f  t h e  beam peak (v=20 
i n  f i g u r e  1 8 ) .  The i n i t i a l  e l e c t r i c  f i e l d  a m p l i t u d e  i s  
t a k e n  a s  E = 0 .5  ( s e e  t a b l e  C-1 i n  Appendix C) and an 
upcoming beam o f  e l e c t r o n s  r e f l e c t e d  o r  m i r r o r e d  by a s t r o n g
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m a g n e t i c  f i e l d  a t  l o w e r  a l t i t u d e s  i s  a l s o  i n c l u d e d  i n  t h e  
model (beam on l e f t  hand  s i d e  o f  f i g u r e  1 8 ) .  A f t e r  t e n
p la sm a  p e r i o d s ,  e l e c t r o n s  from t h e  s h a r p  peak o f  t h e  beam
l o s e  e n e r g y  t o  t h e  e l e c t r i c  f i e l d  and  a p p e a r  i n  t h e  l o w e r  
v e l o c i t y  r a n g e  i n d i c a t e d  by t h e  c r o s s  h a t c h  i n  t h e  t= 1 0  
g ra p h  in  f i g u r e  18.  E l e c t r o n s  w i th  v e l o c i t i e s  j u s t  be low
t h e  beam peak  and  p h a s e  v e l o c i t y  o f  t h e  i n i t i a l  e l e c t r i c
f i e l d  a r e  a c c e l e r a t e d  i n t o  t h e  c r o s s  h a t c h  r e g i o n  l e a v i n g  a 
d e f i c i e n c y  of  e l e c t r o n s .
The t= 6 0  c u r v e  shows an a c c e l e r a t i o n  o f  e l e c t r o n s  
f o r m e r l y  i n  r e g i o n s  1 and 2 t o  h i g h e r  v e l o c i t i e s .  The 
d o t t e d  l i n e  shows t h e  o u t l i n e  o f  t h e  t= 0  d i s t r i b u t i o n  
f u n c t i o n .  The peaked  s t r u c t u r e  be tween -1 5  and  - 1 8  v e l o c i t y  
u n i t s  o c c u r s  a t  v e l o c i t i e s  c o r r e s p o n d i n g  t o  t h e  p h a s e  
v e l o c i t i e s  o f  t h e  e l e c t r i c  f i e l d  F o u r i e r  co m p o n en t s  used i n  
t h e  F o u r i e r  s e r i e s  r e p r e s e n t a t i o n  o f  t h e  e l e c t r i c  f i e l d .  
C o m p u ta t io n  t im e  l i m i t a t i o n s  p r e v e n t e d  t h e  u s e  o f  more 
F o u r i e r  s e r i e s  t e r m s  (15 were used)  i n  t h e  e l e c t r i c  f i e l d  
c a l c u l a t i o n .  A d d i t i o n a l  e l e c t r i c  f i e l d  F o u r i e r  com ponen ts  
may have  r e s u l t e d  i n  a c o n t in u u m  s t r u c t u r e  o v e r  t h e  r e g i o n  
where  p e a k i n g  o c c u r s .  The peaked  s t r u c t u r e  on t h e  r i g h t  
hand  s i d e  o f  t h e  t= 6 0  c u r v e  o f  f i g u r e  19 h a s  b e en  r e p l a c e d  
w i th  a smooth c u r v e  t h r o u g h  t h e  p eak s  (open c i r c l e s ) .  The 
n e t  r e s u l t  o f  t h e  p a r t i c l e  a c c e l e r a t i o n s  l e a d i n g  to  t h e  
d i s t r i b u t i o n  d e p i c t e d  i n  t h e  t=6  0 c u r v e  o f  f i g u r e -  18 i s  a 
t r a n s f e r  o f  e l e c t r o n s  w i th  v e l o c i t y  m a g n i tu d e s  l e s s  th a n  5 
(w hich  c o r r e s p o n d s  t o  an e n e r g y  o f  125 eV a c c o r d i n g  t o  t h e
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e n e r g y  a x i s  shown be low  t h e  t=150  c u r v e  i n  f i g u r e  18) t o
v e l o c i t i e s  i n  t h e  r a n g e  5 t o  16 v e l o c i t y  u n i t s
( c o r r e s p o n d i n g  t o  an e n e r g y  r a n g e  from 125 t o  1 ,2 8 0  eV) . I t
can  be s e e n  f rom  t h e  t=10  c u r v e  t h a t  t h e  l o s s  o f  e n e r g y  by
p a r t i c l e s  i n  r e g i o n s  4 and 5 o f  t h e  t= 6 0  c u r v e  i n c r e a s e s  t h e  
p o p u l a t i o n  d e n s i t y  i n  r e g i o n  3 o f  t h e  t=60 c u r v e  and  t h e  
h a t c h e d  a r e a  o f  t h e  t= 1 0  g r a p h .
The t=150  c u r v e  o f  f i g u r e  18 shows a f u r t h e r  
e v o l u t i o n  f o r  t h e  d i s t r i b u t i o n  f u n c t i o n .  More e l e c t r o n s  o f  
low e n e r g y  from r e g i o n  2 h ave  been  a c c e l e r a t e d  to  h i g h e r  
e n e r g i e s .  T h i s  a c c e l e r a t i o n  i s  c a u s e d  by growing  low p hase  
v e l o c i t y  e l e c t r i c  f i e l d s  t h a t  a r e  c o u p l e d  t o  t h e  i n i t i a l  
e l e c t r i c  f i e l d  w i th  a p h ase  v e l o c i t y  e q u a l  t o  t h e  v e l o c i t y  
o f  e l e c t r o n s  i n  t h e  beam p e a k s * 13 63 ># ^he e l e c t r i c  
f i e l d  F o u r i e r  com ponent  a m p l i t u d e s  o v e r  t h e  r a n g e  o f  p h a se  
v e l o c i t i e s  i n d i c a t e d  by  t h e  s o l i d  b a r  on t h e  v e l o c i t y  a x i s  
o f  t h e  t= 1 5 0  c u r v e  o f  f i g u r e  18 a r e  shown i n  f i g u r e  19. The 
e l e c t r i c  f i e l d  com ponen t s  h ave  p h a s e  v e l o c i t i e s  be tween 2 
and  4 v e l o c i t y  u n i t s  ( c o r r e s p o n d i n g  t o  an e l e c t r o n  e n e r g y  
r a n g e  o f  20 t o  80 e V ) . I t  can  be s e e n  from f i g u r e  19 t h a t  
a l l  o f  t h e  e l e c t r i c  f i e l d  a m p l i t u d e s  shown have  grown by an 
o r d e r  o f  m a g n i tu d e  o v e r  t h e  t= 1 2 0  t o  t= 180  t i m e  p e r i o d .  
These low p hase  v e l o c i t y  com ponen ts  show an e s s e n t i a l l y  
c o n s t a n t  m a g n i tu d e  o v e r  t h e  t i m e  p e r i o d  t= 0  t o  t=60  p lasma 
p e r i o d s  ( n o t  shown) s o  t h a t  i t  can  be  c o n c lu d e d  t h a t  i t  
t a k e s  a b o u t  60 plasma p e r i o d s  f o r  t h e  p a r a m e t r i c  c o u p l i n g  
between t h e  i n i t i a l  h ig h  p h a se  v e l o c i t y  e l e c t r i c  f i e l d  and
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t h e  lo w e r  p h a s e  v e l o c i t y  e l e c t r i c  f i e l d  modes t o  b e g in  t o  
d e v e l o p .
A smooth  c u r v e  c o n n e c t i n g  t h e  d i s t r i b u t i o n  f u n c t i o n  
p e a k s  (open c i r c l e s )  i n  t h e  v e l o c i t y  r a n g e  4 t o  18 h a s  been 
drawn i n  t h e  t=150  c u r v e  o f  f i g u r e  18.  Compar ison  o f  t h i s  
smooth c u r v e  w i th  t h e  i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  (shown 
a s  a d o t t e d  l i n e )  e m p h a s i z e s  t h e  t r a n s f e r  o f  e l e c t r o n s  from 
t h e  low v e l o c i t y  r e g i o n  be tween 3 and  6 v e l o c i t y  u n i t s  
( c o r r e s p o n d i n g  t o  an e l e c t r o n  e n e r g y  r a n g e  o f  45 t o  80 eV) 
t o  h i g h e r  v e l o c i t i e s  and e n e r g i e s .  T h i s  i n c r e a s e  i n  
e l e c t r o n  d e n s i t y  a t  h i g h e r  e n e r g y  a t  t h e  e x p e n s e  o f  t h e  low 
e n e r g y  e l e c t r o n  d e n s i t y  and  t h e  g rowth  of low p h a se  v e l o c i t y  
e l e c t r i c  f i e l d  com ponen ts  shown i n  f i g u r e  19 a g r e e s  w i th  t h e  
g e n e r a l  r e s u l t  e x p e c t e d  from t h e  p a r a m e t r i c  c o u p l i n g  model 
p r o p o s e d  by P a p a d o p o u l o s * 13 16 i 3 >.
The s l o p e  o f  t h e  e v o l v e d  s e c o n d a r y  d i s t r i b u t i o n  i n  
t h e  e n e r g y  r a n g e  45 t o  180 eV (3 t o  6 v e l o c i t y  u n i t s )  i s  
l o w e r  i n  m a g n i tu d e  t h a n  t h e  i n i t i a l  d i s t r i b u t i o n  ( d o t t e d  
l i n e )  i n  a g re e m e n t  w i th  p a r t i c l e  s i m u l a t i o n  r e s u l t s  o b t a i n e d  
by P a p a d o p o u lo s  and Rowland*6 5 * o v e r  t h e  e n e r g y  r a n g e  11 t o  
110 eV. They r e p o r t  a " b r e a k ’' in  t h e  s l o p e  o f  t h e  
d i s t r i b u t i o n  f u n c t i o n  t o  h i g h e r  m a g n i tu d e s  be low 5 eV f o r  an 
i n i t i a l  e l e c t r i c  f i e l d  a m p l i t u d e  o f  0 . 5  ( in  t h e  
d i m e n s i o n l e s s  u n i t s  d e s c r i b e d  i n  Appendix B e q u a t i o n  B - 4 ) .  
The i n i t i a l  e l e c t r i c  f i e l d  u sed  t o  s t a r t  t h e  s e q u e n c e  shown 
i n  f i g u r e  18 was 0 . 5  ( s e e  t a b l e  C -1 ,  Appendix  C, ru n  AM27).
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I t  can  be s e e n  from t h e  t= 1 5 0  c u r v e  o f  f i g u r e  18 t h a t  a 
s h a r p  " b r e a k ” i s  p r e s e n t  a t  t h e  45 eV {3 v e l o c i t y  u n i t s )  
i n t e r s e c t i o n  o f  t h e  smooth c u r v e  t h r o u g h  t h e  p e a k s  s t r u c t u r e  
and  M axw e l l ian  b a ck g r o u n d .  A s h a r p  " b r e a k "  i n  t h e  
d i s t r i b u t i o n  f u n c t i o n  t o  h i g h e r  s l o p e  m a g n i tu d e s  be low  20 eV 
was a l s o  measured  by Feldman and D o e r in g < l l > i n  s o u n d in g  
r o c k e t  d a t a  t a k e n  a t  155 km.
The a l t e r n a t e l y  d a sh e d  and d o t t e d  l i n e  i n  t h e  t=150 
c u r v e  of  f i g u r e  18 i s  t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  
m easu red  i n  s o u n d in g  r o c k e t  f l i g h t  18 :165  and d i s p l a y e d  i n  
f i g u r e  7.  The s c a l e  f o r  t h i s  d i s t r i b u t i o n  i s  l o c a t e d  on t h e  
r i g h t  o f  t h e  f i g u r e .  The s l o p e  o f  t h e  m easured  d i s t r i b u t i o n  
i s  l o w e r  i n  m a g n i tu d e  th a n  t h e  smooth c u r v e  drawn t h r o u g h
t h e  p eak s  o f  t h e  e v o l v e d  d i s t r i b u t i o n  o v e r  t h e  e n e r g y  ra n g e
o f  45 t o  320 eV (3 t o  8 v e l o c i t y  u n i t s ) .  The i n i t i a l
d i s t r i b u t i o n  i n  t h i s  e n e r g y  r a n g e  ( d o t t e d  l i n e )  i s  e g u a l  t o  
t h e  sum o f  a 10 eV M axwel l ian  b a ck g r o u n d  and power law
s e c o n d a r i e s  w i th  a s l o p e  c o r r e s p o n d i n g  t o  a f l u x  
d i f f e r e n t i a l  f l u x  g i v e n  by
f  « E"2 , ( 3 . 3 9 )
which i s  d e t e r m i n e d  from i o n o s p h e r i c  s c a t t e r i n g  
c a l c u l a t i o n s . c v s j  However,  a f l u x  d e p e n d e n c e  o f
i s  f o u n d  i n  s o u n d in g  r o c k e t  d a t a  o v e r  t h e  e n e r g y  r a n g e  50 t o  
500 eV ( s e e  f i g u r e  2) . The i n i t i a l  d i s t r i b u t i o n  ( d o t t e d  
l i n e )  w i th  i o n o s p h e r i c  s c a t t e r i n g  s e c o n d a r i e s  and an E- 2  
f l u x  d e p en d e n c e  i s  e v o lv e d  by means o f  t h e  c o l l i s i o n l e s s  
V la so v  e q u a t i o n  ( s o l i d  l i n e )  t o  c l o s e r  a g re e m e n t  w i th  a 
d i s t r i b u t i o n  f u n c t i o n  c o r r e s p o n d i n g  t o  t h e  E-4  measured  ( s e e  
f i g u r e  2) e n e r g y  dependence  o f  t h e  f l u x  o v e r  t h e  e n e r g y  
r a n g e  H 5  t o  320 eV r e p r e s e n t e d  by t h e  a l t e r n a t e l y  d a sh e d  and 
d o t t e d  d i s t r i b u t i o n  f u n c t i o n  c u r v e .  T h e r e f o r e ,  i t  can  be  
c o n c l u d e d  t h a t  c o l l i s i o n l e s s  V lasov  i n s t a b i l i t i e s  can  be 
r e s p o n s i b l e  f o r  t h e  d i s c r e p a n c y  between i o n o s p h e r i c  
s c a t t e r i n g  c a l c u l a t i o n s * 7 8 > o f  t h e  s e c o n d a r y  e l e c t r o n  
d i s t r i b u t i o n  f u n c t i o n  and t h a t  o b t a i n e d  from s o u n d in g  r o c k e t  
d a t a  ( f i g u r e  2 ) .  However,  i n  o r d e r  f o r  t h e  c o l l i s i o n l e s s  
model t o  a c c o u n t  f o r  t h e  measured  e n e r g y  d ependence  o f  t h e  
s e c o n d a r y  e l e c t r o n  f l u x ,  a h ig h  p h ase  v e l o c i t y  e l e c t r i c  
f i e l d * 63 46 6S)  must be c r e a t e d  by t h e  beam i n s t a b i l i t y  
r e s u l t i n g  from a n  a n i s o t r o p i c  s t r e a m i n g  beam o f  h ig h  e n e r g y  
e l e c t r o n s  i n  t h e  a u r o r a l  i o n o s p h e r e .  B ecause  a n i s o t r o p i c  
h i g h  e n e r g y  e l e c t r o n  " b u r s t s " * 52 53 46> a r e  measured  
i n f r e q u e n t l y  and  t h e  t y p i c a l  e l e c t r o n  d i s t r i b u t i o n  m easured  
( f i g u r e  8 ) * 44 5 4<>> i s  i s o t r o p i c  and  s t a b l e  t o  V la so v
77
i n s t a b i l i t i e s * * 3 > ,  i t  must be shown t h a t  h ig h  p h a s e  v e l o c i t y  
e l e c t r o s t a t i c  waves a r e  a r e g u l a r  f e a t u r e  o f  t h e  t y p i c a l  
a u r o r a l  i o n o s p h e r e  and  t h a t  a n i s o t r o p i c  beams o c c u r  w i th  
s u f f i c i e n t  f r e q u e n c y  and s p a c i a l  e x t e n t  t o  a c c o u n t  f o r  t h e  
m easu red  d i f f e r e n t i a l  e l e c t r o n  f l u x  by  means o f  t h e  
c o l l i s i o n l e s s  p lasm a  wave i n s t a b i l i t y  m ode l .
Table 4
(62)A n a l y t i c a l  E l e c t r i c  F i e l d  Growth R a t e s  f rom  M i k h a i l o v s k i i
•j/ 3  E q u a t i o n  i n
nb / nm v0 (n t , / n e  ^ v 0 Growth R a t e  y R e f e r e n c e  62
.2825  
(row a  o f  f i g s .
15 and  16) 3 . 5 1  Does n o t  a p p l y  .05  1 .4 5
.02825  . . .







1 5 .6 9 4
2 0 . 0
2 . 2 2
.283
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C h a r a c t e r i s t i c  Growth Times ( f o r  a  beam d e n s i t y  o f  1cm ~>)
D e n s i t y  R a t i o  B ackground  D e n s i t y  Growth Time P la sm a  F r e q u e n c y  Growth  Time D i s t a n c e  
(nb / n m) nm (cm-3) t (wp - 1 ) wp ( r a d / s e c )  T (sec )= T /a )p y c (KM)
. 2 8 2 5
(row a) 3 .5 4  30 l . l x l O 5 2 . 7 x l 0 -4  15
.02825
(row b) 3 .5 4 x 1 0  44 3 . 4 x l 0 5 1 . 3 x l 0 -4  7
.002825
(row c) 3 .5 4 x 1 0  2 x l 0 3 l . l x l O 6 1 . 8 x l 0 “ 3 97
. 2 8 2 5 x l0 -5
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CHAPTER IV
THREE DIMENSIONAL BEAM BACKGRROUND INTERACTION
The r e s u l t s  o f  t h e  one d i m e n s i o n a l  beam -background  
c a l c u l a t i o n s  p r e s e n t e d  i n  c h a p t e r  3 show t h a t  a s t r e a m i n g  
a n i s o t r o p i c  beam o f  h ig h  e n e r g y  e l e c t r o n s  from t h e  p lasm a  
s h e e t  o r  an a c c e l e r a t i o n  r e g i o n  above  t h e  a u r o r a l  i o n o s p h e r e  
i s  l a r g e l y  d i s s i p a t e d  w i t h i n  100 km o f  t r a v e l  u n l e s s  i t  i s  
p i t c h  a n g l e  s c a t t e r e d  t o  form an i s o t r o p i c  beam s t a b l e  t o  
V la so v  i n s t a b i l i t i e s  rem oving  t h e  u n s t a b l e  two peak  
s t r u c t u r e  i n  t h e  o n e - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n .  A 
2 - 1 / 2  d i m e n s i o n a l  V la so v  e q u a t i o n  t h e o r y ,  two sp ace  and 
t h r e e  v e l o c i t y  d i m e n s i o n s ,  i s  used  t o  model t h e  i n t e r a c t i o n  
between an a n i s o t r o p i c  h ig h  e n e r g y  e l e c t r o n  beam and a low 




The t h r e e  v e l o c i t y  d i m e n s i o n ,  two s p a c e  d im e n s io n
V la so v  e q u a t i o n  i s  d e r i v e d  i n  Appendix  B f o r  t h e  c o - o r d i n a t e  
s y s t e m  shown i n  f i g u r e  9 o f  c h a p t e r  2 o r  f i g u r e  B-1 i n  
A ppendix  B. The c o m p u t a t i o n s  a r e  made f o r  c a s e s  i n  which 
t h e  m a g n e t i c  f i e l d  l i e s  a l o n g  t h e  y-'-axis ( q  = n  / 2 )  and th e  
d i s t r i b u t i o n  f u n c t i o n  i s  i n d e p e n d e n t  o f  t h e  s p a c i a l  
c o o r d i n a t e  z - a x i s .  The V lasov  and P o i s s o n  e q u a t i o n s  f o r  
t h i s  c o n f i g u r a t i o n  a r e  ( e q u a t i o n s  B-20 and B-8 i n  Appendix  
B)
T h i s  s e t  o f  e q u a t i o n s  i s  s o l v e d  by a s p l i t t i n g  scheme 
s i m i l a r  t o  t h a t  u s ed  by Cheng**s >. F i r s t  t h e  f r e e  s t r e a m i n g  
e q u a t i o n
(4.1)
v e lo c i ty
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i s  i n t e g r a t e d  f o r  h a l f  a t i m e  s t e p .  (Note t h a t
v =v c o s (  a ) and v =v ) Next t h e  e l e c t r i c  f i e l d  i sx x  y //
c a l c u l a t e d  from P o i s o n ' s  e q u a t i o n ,  and t h e  a c c e l e r a t i o n
e q u a t i o n
Ex cos * + | f  [ - L —  ♦ , c] -  ° (4.3)
i s  i n t e g r a t e d  f o r  a f u l l  t i m e  s t e p .  F i n a l l y ,  t h e  p a r a l l e l  
a c c e l e r a t i o n  e q u a t i o n
—  - E - = 0  (4 4)at *7 3vJ( u u
i s  i n t e g r a t e d  f o r  a f u l l  t im e  s t e p  and a n o t h e r  i n t e g r a t i o n  
o v e r  h a l f  a t im e  s t e p  i s  made u s i n g  t h e  f r e e  s t r e a m i n g  
e q u a t i o n  ( e q u a t i o n  4 . 2 ) .  The r e s u l t  o f  t h i s  s e q u e n c e  o f  
t i m e  i n t e g r a t i o n s  i s  t h e  d e t e r m i n a t i o n  o f  a new d i s t r i b u t i o n  
f u n c t i o n  fN+1 a t  - t = ( N+l) A t  t h a t  i s  r e l a t e d  t o  t h e  
i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  a t  t i m e  t ^  by<*s >
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f N+1( x , v , t N+1) = f N( x ' , v ' , t N) , (4.5)
where
x 1 = x -  At/2 (v + v ' )
v' = v * (x - v At/2) , (4.6)
and v* i s  t h e  s o l u t i o n  t o  t h e  c h a r a c t e r i s t i c  e q u a t i o n s
dv*
dt - c= - [ t  + v* x
#  • < « >
Cheng*4 5 * h a s  shown t h a t  t h e  s e q u e n c e  o f  i n t e g r a t i o n s  
d e s c r i b e d  above  i s  e q u i v a l e n t  t o  t h e  p r o p a g a t i o n  o f  
e l e c t r o n s  a l o n g  t h e i r  c h a r a c t e r i s t i c  o r b i t s  d e s c r i b e d  by t h e  
s o l u t i o n  t o  e q u a t i o n s  4 . 7  c o r r e c t  t o  s e c o n d  o r d e r  i n  t h e  
t im e  s t e p  A t .
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The f r e e  s t r e a m i n g  e q u a t i o n  4 . 2  i s  s o l v e d  by F o u r i e r  
i n t e r p o l a t i o n  t o  g i v e  a new d i s t r i b u t i o n  f u n c t i o n  f* r e l a t e d  
t o  t h e  i n i t a l  d i s t r i b u t i o n  ( f^) h a l f  a t i m e  s t e p  e a r l i e r  by
f * ( x , v , t n + A t / 2 )  = f n (x -v  A t / 2 , v , t n ) . ( 4 . 8 )
Two s u b s e q u e n t  F o u r i e r  i n t e r p o l a t i o n s  a r e  made f o r  t h e  two 
s p a c e  v a r i a b l e s  i n  t h e  model .  The two one d i m e n s i o n a l  s p a c e  
s h i f t s
1) f ' ( x , y , v , t n + A t /2 )  = f n (x -v x A t / 2 , y , v , t n )
2) f * ( x , y , v , t n + A t /2 )  = f ' ( x , y - v y  A t /w , v , t n + A t /2 )  (4 .9 )
t h a t  r e s u l t  i n  t h e  f i n a l  d i s t r i b u t i o n  f u n c t i o n  f *  g i v e n  by 
e q u a t i o n  4 . 8  a r e  made by s u b s e q u e n t  one d i m e n s i o n a l  F o u r i e r  
i n t e r p o l a t i o n s  u s in g  t h e  F o u r i e r  s e r i e s  f i t  t o  t h e  s p a t i a l  
g r i d  p o i n t s  d e s c r i b e d  by e q u a t i o n s  3 . 8  and  3 . 9 .  The 
c o m p u t a t i o n  t im e  f o r  t h e  F o u r i e r  i n t e r p o l a t i o n  i s  r e d u c ed  by 
u s i n g  t h e  f a c t  t h a t  t h e  s h i f t  a^ =v^ A t / 2  i s  t h e  same f o r  
a l l  t i m e  s t e p s  a t  a g i v e n  v e l o c i t y  g r i d  p o i n t  v ^ . Tha t  i s ,  
t h e  v e l o c i t y  g r i d  p o i n t s  and  t im e  s t e p  s i z e  a r e  
p r e d e t e r m i n e d  and r e m a in  f i x e d  t h r o u g h o u t  t h e  t i m e
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i n t e g r a t i o n .
A more c o n v e n i e n t  e x p r e s s i o n  f o r  t h e  F o u r i e r  
i n t e r p o l a t i o n  i s  o b t a i n e d  by f i r s t  s u b s t i t u t i n g  e q u a t i o n  3 .9  
f o r  t h e  F o u r i e r  s e r i e s  a m p l i t u d e s  i n t o  F o u r i e r  s e r i e s  
e g u a t i o n  3 . 9  t o  g e t
N/2 r -i N-l
f ( y i + 4k> = J 0 { %  J 0 f ( y *) co s (kj y t »
N , <4- , 0 >
1 2 1
COS kJ.(yi + Ak) + I  f ( y A) s in (k jyA)) sin k . (y i + Ak ) |
where k. = j  2 i r / L  . N ex t ,  t h e  y t e r m s  t h a t  a p p e a r  i n  t h e
j  y &
sum m at ions  i n  e q u a t i o n  9 . 1 0  a r e  w r i t t e n  as  t h e  sum o f  t h e
i - t h  p o i n t  y.. and  a m u l t i p l e  o f  t h e  s t e p  s i z e  i n  th e
y - d i r e c t i o n  Ay. T h i s  l e a d s  t o
, N-l N/2 f
f (y,- + Ak) = ¥  I  f(y .  + mAx) I  cos k,(y .  + mAy)
1 K N n=0 1 j=0 I J 1
cos kJ.(yi + Ak) + s in  kJ.(yi + mAy) s in  kJ.(yi + Ak) J , (4.11)
where t h e  summation  o v e r  m r e p l a c e s  t h e  sum o v e r  z  w i th
y =y. +m ax f o r  t h e  a p p r o p r i a t e  v a l u e  of m. I f  t h e  te rm i n  
^ i
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b r a c k e t s  i n  e q u a t i o n  4 .11  i s  d e n o t e d  a s  g ( a, ) ,  t h e n  t h em k
e q u a t i o n  h a s  t h e  form
f(yi + Ak) = I f(y .  + mAx) 9m(Ak) , (4.12)
where t h e  summation o v e r  j  i s  i n c l u d e d  in  g^.  A s i m p l i f i e d  
e x p r e s s i o n  f o r  g m i s  o b t a i n e d  by t h e  f o l l o w i n g  sequence  o f
e q u a t i o n s :
1 N/2 f
gn(Ak} = N .lQ t C0S kJ (yi + mAy) 005 kJ (yi + V  +
s in  kj. (y i + mAy) s in  ^.(y^ + Ak) j
= I  I  cos kj ( y i + mAy " y i “ VJ
, sin[ir(mAy - A. )] cos[>(mAy -  A. )/L ]
■ fT «<nL.(ty - V /LyJ--------- ^  (4-13)
where t h e  l a s t  e q u a l i t y  i s  t a k e n  from Cheng and K n o r r< 46>
and t h e  m a t r i x  o f  v a l u e s  o f  Ak =Vk A t / 2  i s  f i x e d  f o r  a g i v e n
t im e  s t e p  s i z e  and v e l o c i t y  m a t r i x .  The v a l u e s  o f  g , f o rm,k
a l l  g r i d  p o i n t  v a l u e s  o f  v e l o c i t y  v. and p o s i t i o n  y a r e
k m
c a l c u l a t e d  o n c e  a t  t h e  b e g i n n i n g  o f  e ach  c o m p u te r  run  i n  
s u b r o u t i n e  SPACE o f  program VLAS3D ( s e e  Appendix  D).  A
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s e p a r a t e  c a l c u l a t i o n  must be made f o r  t h e  m a t r i x  o f  g v a l u e s  
c o r r e s p o n d i n g  t o  t h e  x s p a c i a l  c o o r d i n a t e  and t h e  v and  <|> 
v e l o c i t y  c o m p o n en t s  ( r e q u i r e d  b e c a u s e  v =v c o s  (<}>)). The x
X
and y o n e - d i m e n s i o n a l  s p a t i a l  i n t e r p o l a t i o n s  a r e  made t w i c e  
d u r i n g  e a c h  t i m e  s t e p  u s i n g  t h e  m o d i f i e d  F o u r i e r
i n t e r p o l a t i o n  e q u a t i o n  4 . 1 2 .
The e l e c t r i c  f i e l d  i s  c a l c u l a t e d  from P o i s s o n ’ s  
e q u a t i o n  (4 .1 )  by a d o u b le  F o u r i e r  t r a n s f o r m  
t e c h n i q u e * 66 67 >. I n  t h i s  method t h e  e l e c t r o s t a t i c
p o t e n t i a l  ^ i s  w r i t t e n  i n  t e r m s  o f  i t s  two d i m e n s i o n a l  
f i n i t e  F o u r i e r  t r a n s f o r m
M  i M .  i
,  2 "  1 2 “  1
k( x £ = *AX’y k = kAy) = r r~  I I*,K * K y x , Nx M= Ny.
1 " 2 " " 2
(4 .14)
where k =  n 2 it /Ly ,  k x , i r f  n ^ 17/ ^ x  and  F o u r i e ry .n
t r a n s f o r m  component  ^  n i s  e q u a l  t o
Nx-1 Ny-1 - i ( k „  m y b + kv m x . )
n = AyAx ^ £ $ (V y k } e <4 - 15)£=0 k=0 z  K
The e l e c t r o n  c h a r g e  d e n s i t y  pg (x ,y )  i s  a l s o  w r i t t e n  i n  t e r m s  
o f  i t s  F o u r i e r  t r a n s f o r m  com ponen ts  a s
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Pe ( x , y )
a l l  
ve loc i ty




i(ky,nyk + kx,mx*> (4.16)
The t e r m  i n  t h e  sum i n  e q u a t i o n  4 .1 6  w i th  m=n=0 i s  e q u a l  t o
u n i t y  f o r  a d i s t r i b u t i o n  f u n c t i o n  n o r m a l i z a t i o n
f  f ( x ,v )  d3v = Lx Ly (4.17)
■'all
ve loc i ty
The s u b s t i t u t i o n  o f  e q u a t i o n s  4 .1 6  and  4 .1 4  f o r  $ and Pg
i n t o  P o i s s o n ’ s  e q u a t i o n  ( e q u a t i o n  4 .1 )  l e a d s  t o
*ni,n
iL.
4ir^ c m 2 -Ly' l Lx;
(4.18)
where  t h e  r e l a t i o n s
have  been u s e d .  The a r b i t r a r y  r e f e r e n c e  p o t e n t i a l
c o r r e s p o n d i n g  t o  a = *_ _ i s  t a k e n  a s  z e r o .m,n 0,0
The e l e c t r i c  f i e l d  com ponen t s  c a l c u l a t e d  from 
e q u a t i o n s  4 . 1 9 ,  4 .1 8  and  4 .1 4  a r e
^ x£*^k^ = 7 2~ ^ ,n \2 ,n %2 { ^ pi  k^xx,,J^k '^x z K 2*L*Ly  n,m (fy)  + l* ' , k '  p£’k 1 k
n+ntfO
e - 1 ( k y , n  y k , + k x , n  V  > 1 e i ( k y , n  V k z , n  x k>
M v V  ■ l i T -  I  x  { " } e i ( n )  • <4 -20>7  1 1 2 » L ‘ Lx  n , m  ( L ) 2  +  ( L ) 2  I )
n+ntfO
where t h e  sum m at ions  r a n g e s  a r e
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n = -  M  !II 2 9  • • •  9 2
m Nx 2 ’
Nx - 1
SL = 0 , . . .  , Nx -  1
k = 0 , . . .  , Ny -  1 (4 .21)
f o r  N and  N e v en .  The e l e c t r i c  f i e l d  c a l c u l a t i o n  i s  
x y
done in  s u b r o u t i n e  EFOUR o f  p rogram  VLAS3D ( s e e  Appendix  D).
The a c c e l e r a t i o n  e q u a t i o n  ( e q u a t i o n  4 .3 )  i s
i n t e g r a t e d  by G a z d a g ' s  a c c u r a t e  s p a c e  d e r i v a t i v e  (ASD) 
m e t h o d . <68 The d i s t r i b u t i o n  f u n c t i o n  i s  ad v an c e d  i n  t i m e
a c c o r d i n g  t o  t h i r d  o r d e r  T a y l o r ’s  s e r i e s  e x p a n s i o n
2 3
f ( t  + A t)  = f (0) + | £ ) t  At + \  J L f ) t  A t2 + 1  i - t  A t3 + e (A t4 ) (4 .22)
8t 3t
The f i r s t  t i m e  d e r i v a t i v e  o f  f  i s  d e t e r m i n e d  from t h e
a c c e l e r a t i o n  e q u a t i o n  t o  be
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if .
3t ExCcos  ^ av^ vx  ^ 8(ji^  "" uc 3ij> } = 0 5 (4.23)
where  t h e  e l e c t r i c  f i e l d  i s  d e t e r m i n e d  from P o i s s o n ' s  
e q u a t i o n  a s  d e s c r i b e d  above  a t  h a l f  a t i m e  s t e p  ( A t / 2 ) .  
The p a r t i a l  d e r i v a t i v e  o f  f  i n  <f> i s  d e t e r m i n e d  by w r i t i n g  
t h e  F o u r i e r  e x p a n s i o n s  f o r  f  i n   ^ a s
M _  -|
1 2 n 1n<f,£
f(v„,vx ,<j>£ = M < M » y )  = 2 7  ^ ^  Fr^ vrt,v ,v<j> = 27  »x ^ ) e » (4.24)
<p
where
F (v ) = A«f» I  f(cf> ) e * , (4.25)
n <P z=0 *
and t a k i n g  t h e  p a r t i a l  d e r i v a t i v e  o f  e q u a t i o n  h . 2 4
# ♦ ,  ■ h I Fn<V
The F o u r i e r  t r a n s f o r m  o f  f  i n  q ( e q u a t i o n  4 .2 5 )  and t h e  
p a r t i a l  d e r i v a t i v e  ( e q u a t i o n  4 .26 )  must be  e v a l u a t e d  f o r
e v e r y  g r i d  p o i n t  v a l u e  o f  x, y ,  v(/ , v^  and $ i n  o r d e r  t o
c o m p l e t e l y  d e t e r m i n e  t h e  f u n c t i o n - ^ -  £ (v v ,v1  ,  <|>#x#y) • 
The v a l u e s  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  used  t o  d e t e r m i n e  
t h e  F o u r i e r  t r a n s f o r m  a m p l i t u d e  i n  e q u a t i o n  4 . 2 5  a r e  t h o s e  
f o r  t i m e  t ,  s i n c e  t h e  p a r t i a l  d e r i v a t i v e  t e r m s  i n  t h e  
T a y l o r ' s  s e r i e s  e x p a n s i o n  ( e q u a t i o n  4 .2 2 )  a r e  t o  be 
e v a l u a t e d  a t  t im e  t .
The p a r t i a l  d e r i v a t i v e  o f  f  w i th  r e s p e c t  t o  vx  i s  
d e t e r m i n e d  by making a F o u r i e r  e x p a n s i o n  o f  f  i n  ^  and
d i f f e r e n t i a t i n g  a s  i n  e q u a t i o n  4 .2 6  f o r  t h e  p a r t i a l  
d e r i v a t i v e  w i th  r e s p e c t  t o  <j, . However,  v a l u e s  o f  t h e
d i s t r i b u t i o n  f u n c t i o n  f o r  n e g a t i v e  v a l u e s  o f  t h e  
p e r p e n d i c u l a r  v e l o c i t y  ^  a r e  c r e a t e d  i n  o r d e r  t o  m a i n t a i n  
c o n t i n u i t y  t h r o u g h  t h e  o r i g i n  i n  t h e  f i n i t e  F o u r i e r  s e r i e s  
f i t  t o  t h e  d i s t r i b u t i o n  f u n c t i o n .  F i g u r e  20 shows th e  
method o f  a s s i g n i n g  f u n c t i o n a l  v a l u e s  f o r  n e g a t i v e  
p e r p e n d i c u l a r  v e l o c i t i e s .  The v a l u e  o f  t h e  d i s t r i b u t i o n  
f u n c t i o n  a t  n e g a t i v e  p e r p e n d i c u l a r  v e l o c i t y  i s  s e t  e q u a l  t o  
t h e  d i s t r i b u t i o n  f u n c t i o n  v a l u e  w i t h  <f> i n c r e m e n t e d  by tt .
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The n e g a t i v e  p e r p e n d i c u l a r  v e l o c i t y  p o i n t s  a r e  added o n l y  o r  
t h e  F o u r i e r  s e r i e s  r e p r e s e n t a t i o n  i n  t h e  d e t e r m i n a t i o n  o f
g f
. The p e r p e n d i c u l a r  v e l o c i t y  f a l l s  i n  t h e  r a n g e  0
t o  v ,  i n  a l l  o t h e r  c a s e s .  T h e  v a l u e s  o f  av, ,  av.  a n d  j .  max i  u
Aip a r e  a l s o  shown i n  f i g u r e  20 i n  t e r m s  o f  t h e  maximum 
v e l o c i t i e s  and  number o f  g r i d  p o i n t s .  The number o f  g r i d  
p o i n t s  i n  t h e  p e r p e n d i c u l a r  v e l o c i t y  c o o r d i n a t e  i s  e g u a l  
t o  t h e  number of p o i n t s  f o r  v^>0 w h i l e  t h e  number o f  
p a r a l l e l  v e l o c i t y  g r i d  p o i n t s  Nl{ i n c l u d e s  t h o s e  f o r  vtf <0.
T h e  e x p r e s s i o n  f o r  t h e  p a r t i a l  d e r i v a t i v e  o f  f  w i t h  




_  - 1  r  2 i r i
I L I
L n=-N +1 L m
(4.27)
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where L, = 2v and
x  -tmax
2N -2 -27rim v
Fm(v " ’ v = I -  » <t>« x » y) = Avx  I  L Xl< * ^ - 28)
k-0
The p a r t i a l  d e r i v a t i v e s  i n  e q u a t i o n s  4 . 2 6  and 4 .27  a r e  
e v a l u a t e d  by s u b r o u t i n e  OPEEAT i n  p rogram  VLAS3D ( s e e  
Appendix  D) f o r  a l l  g r i d  p o i n t  v a l u e s  o f  t h e  f i v e  
c o o r d i n a t e s  vj; ,  v^  ,  <j>, x and y .
The s e c o n d  and t h i r d  t i m e  d e r i v a t i v e s  o f  t h e  
d i s t r i b u t i o n  f u n c t i o n  r e q u i r e d  f o r  t h e  T a y l o r ' s  s e r i e s  
e x p a n s i o n  ( e q u a t i o n  4 .2 2 )  a r e  c a l c u l a t e d  from t h e  t i m e  
d e r i v a t i v e s  o f  t h e  f i r s t  t i m e  d e r i v a t i v e s  o f  t h e  
a c c e l e r a t i o n  e q u a t i o n  ( e q u a t i o n  4 . 2 3 ) .  They a r e
92f  _ (c r rn<; .  3  Sin <t> _9_-i 3_ I  9 f
a tZ \  x*-cos * Vj_ "  wc a<j> /  a t
X . 3  s in  (f) 3 -ir
a t -^cos * dvM ~ (4.29)
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i Ex [co s  3 tJ 1 X 3V.
s in  <t> 3 -I 3





x  r   , 3 s i n  (ft 3 T j; ,
-  [COS <f> —  -  —7 - T r J  f  +3(j)
8E* a
2 s r [cos * w .
s in  (|> 3 -I 3f
^  3<j> 3t (4.30)
The v a l u e  o f  a f / a t  i n  e q u a t i o n s  4 .2 9  and 4 .3 9  i s  d e t e r m i n e d
from t h e  p r e v i o u s  c a l c u l a t i o n  i n  e q u a t i o n  4 . 2 3 ,  and  t h e
2 (\ Tv a l u e  o f  —i- i n  e q u a t i o n  4 .3 0  i s  a v a i l a b l e  from t h e  
3t
s o l u t i o n  t o  e q u a t i o n  4 . 2 9 .  The p a r t i a l  d e r i v a t i v e s  i n  <f> and
vx  o f  t h e  h i g h e r  o r d e r  t i m e  d e r i v a t i v e s  o f  t h e  d i s t r i b u t i o n
f u n c t i o n  a r e  d e t e r m i n e d  by f i r s t  t a k i n g  t h e  F o u r i e r
t r a n s f o r m  and t h e  d i f f e r e n t i a t i n g  a s  i n  e q u a t i o n s  4 .2 6  and
4 .2 7  f o r  t h e  f i r s t  t i m e  d e r i v a t i v e  o f  f .  The s u b r o u t i n e
used  t o  d e t e r m i n e  t h e  p a r t i a l  d e r i v a t i v e s  o f  f ,  c a l l e d
OPERAT, i s  a l s o  u s ed  t o  d e t e r m i n e  t h e  p a r t i a l  d e r i v a t i v e s  o f  
3f 32fgjr and  — 2 bY s im p ly  c h a n g i n g  t h e  a r g u m e n t  o f  t h e
3t
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s u b r o u t i n e  c a l l  s t a t e m e n t ,  r e p l a c i n g  t h e  a r r a y  o f  v a l u e s  f o r
23f 3 ff  w i th  t h e  a r r a y  f o r  t t  o r  — ,  •
8t a t
The f i r s t  and second  t i m e  d e r i v a t i v e s  o f  t h e  
e l e c t r i c  f i e l d  a r e  d e t e r m i n e d  from t h e  t im e  d e r i v a t i v e  o f  
P o i s s o n ’ s  e q u a t i o n
T h i s  i s  a c c o m p l i s h e d  by c h a n g i n g  t h e  a rg u m en t  o f  s u b r o u t i n e
t h e  method o u t l i n e d  i n  e q u a t i o n s  4 .1 4  t h r o u g h  4 .1 2  f o r  t h e  
e l e c t r o s t a t i c  p o t e n t i a l  s o l u t i o n  t o  P o i s s o n ' s  e q u a t i o n .
The p a r a l l e l  a c c e l e r a t i o n  e q u a t i o n  ( e q u a t i o n  4 .4 )  i s  
s o l v e d  by F o u r i e r  i n t e r p o l a t i o n .  The new e v o lv e d  t im e
a = 0 , 1,2  . (4 .31)
3f 9 y
EFOtJB from f  t o  o r    t o  s o l v e  e q u a t i o n  4 .3 1  by
i n t e g r a t e d  d i s t r i b u t i o n  f u n c t i o n  f new i s  r e l a t e d  t o  t h e
i n t i a l  d i s t r i b u t i o n  by
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f new(v„,V <M,y) = f 0 ld (vll- a IIAtsvL,((.,x,y)
= -^(Vn+EyAt.VL.iM.y) • (4.32)
The i n t e g r a t e d  d i s t r i b u t i o n  f u n c t i o n  i s  c a l c u l a t e d  by 
e v a l u a t i n g  t h e  i n i t i a l  d i s t r i b u t i o n  a t  v|( +E^ A t  f o r  a l l  
g r i d  p o i n t  v a l u e s  o f  v(J ,  ^  ,  <t> ,  x and  y .  The e v a l u a t i o n  a t  
t h e  i n t e r m e d i a t e  ( i n  be tween p a r a l l e l  v e l o c i t y  g r i d  p o i n t s )  
p a r a l l e l  v e l o c i t y  vh +Ey At 3one by a F o u r i e r
i n t e r p o l a t i o n  i n  v|( . The i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  i s  
w r i t t e n  i n  t e r m s  o f  i t s  f i n i t e  F o u r i e r  s e r i e s  r e p r e s e n t a t i o n
r -  M s .  v„
f ° l d (v„k = k4V„ -  v,lll)ax) = IV. I  f n (v„ = f t .  4V„) eL“ "k
n =  -  +1
(4.33)
where L(/ = 2v maxand 
N -2
f„ ■ b  l  f ° ,d (v»k) eL" "k . (4.34)
n L" k=0 K
The i n t e g r a t e d  d i s t r i b u t i o n  f u n c t i o n  f  new i s  d e t e r m i n e d  by
e v a l u a t i n g  t h e  i n i t i a l  d i s t r i b u t i o n  f  a t  v..= v,.+E At i n« // k y
e q u a t i o n  4^33 so  t h a t
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• "I  27rin ( + E At)
I  f n e k y
n= - +1
( 4 . 3 5 )
E q u a t i o n  4 .3 5  m us t  be e v a l u a t e d  f o r  a l l  g r i d  p o i n t  v a l u e s  o f  
v „ ,  vx ,  (j, ,  x and  y i n  o r d e r  t o  - eo m ple te ly  s p e c i f y  t h e  t im e  
i n t e g r a t e d  d i s t r i b u t i o n  f u n c t i o n  f new . The p a r a l l e l  
a c c e l e r a t i o n  i n t e g r a t i o n  i s  p e r fo rm e d  by s u b r o u t i n e  ACCEL i n  
program VLAS3D ( s e e  Appendix  D ) .
I n  c o n c l u s i o n ,  t h e  i n t e g r a t i o n  s t e p s  r e q u i r e d  f o r  
t h e  c o m p le t e  e v o l u t i o n  o f  t h e  d i s t r i b u t i o n  o v e r  one t i m e  
s t e p  a r e :
1. I n t e g r a t e  t h e  f r e e  s t r e a m i n g  e q u a t i o n  ( e q u a t i o n  
4 .2 )  o v e r  h a l f  a t i m e  s t e p  ( A t / 2 )  u s i n g  t h e  F o u r i e r  s e r i e s  
i n t e r p o l a t i o n  scheme o u t l i n e d  i n  e q u a t i o n s  4 .1 0  t h r o u g h
4 . 13. (p e r f o r m e d  by s u b r o u t i n e  SPACE)
2 .  S o lv e  P o i s s o n ' s  e q u a t i o n  (4 .1 )  f o r  t h e  e l e c t r i c  
f i e l d  by t h e  two d i m e n s i o n a l  F o u r i e r  t r a n s f o r m  method 
o u t l i n e d  i n  e q u a t i o n s  4 .1 4  t h r o u g h  4 . 2 1 .  (p e r fo rm ed  by 
s u b r o u t i n e  EFOOE)
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3 .  Pe r fo rm  t h e  T a y l o r ' s  s e r i e s  e x p a n s i o n  (4 .2 2 )  o f  
t h e  d i s t r i b u t i o n  f u n c t i o n  i n  t im e  t o  i n t e g r a t e  t h e  
a c c e l e r a t i o n  e q u a t i o n  4 .2 3  o v e r  a  f u l l  t i i a e  s t e p .  T h i s  
method r e q u i r e s  t h e  e v a l u a t i o n  o f  t h e  f i r s t  and s ec o n d  t i m e  
d e r i v a t i v e s  o f  t h e  e l e c t r i c  f i e l d  from P o i s s o n ' s  e q u a t i o n  a s  
d e s c r i b e d  i n  number 2 a b o v e .  ( s u b r o u t i n e s  ACCEIL, OPERAT 
and EFODR)
4.  I n t e g r a t e  t h e  p a r a l l e l  a c c e l e r a t i o n  e q u a t i o n  4 .4  
o v e r  a f u l l  t i m e  s t e p  by t h e  F o u r i e r  i n t e r p o l a t i o n  method 
o u t l i n e d  i n  e q u a t i o n s  4 .3 2  t h r o u g h  4 . 3 5 .  ( s u b r o u t i n e  
ACCELL)
5.  I n t e g r a t e  t h e  f r e e  s t r e a m i n g  e g u a t i o n  4 .2  
a n o t h e r  h a l f  a t i m e  s t e p  a s  d e s c r i b e d  i n  number 1 above .
The c o m p u te r  p rogram VLAS3D u s ed  t o  i n t e g r a t e  t h e  2 
1 /2  d i m e n s i o n a l  V la so v  e q u a t i o n  i s  l i s t e d  i n  Appendix  D 
t o g e t h e r  w i th  s u p p o r t i n g  p ro g ram s  r e q u i r e d  t o  p l o t  t h e  
d i s t r i b u t i o n  f u n c t i o n  and  e l e c t r i c  f i e l d  and  c r e a t e  t h e  
i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  m a t r i x .  T a b l e s  D-1 and D-2 i n  
Appendix  D l i s t  p a r a m e t e r s  used  f o r  t h e  r e s u l t s  o f  VLAS3D 
c o m p u te r  r u n s  t h a t  a p p e a r  i n  t h i s  t h e s i s .
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4.2 Test Cases
The Landau damping o f  a h i g h  i n i t i a l  e l e c t r i c  f i e l d  
i s  c a l c u l a t e d  f o r  two c a s e s .  The f i r s t  c a s e  i s  t h a t  o f  an 
e l e c t r o s t a t i c  wave p r o p a g a t i n g  p a r a l l e l  t o  t h e  m a g n e t ic  
f i e l d  w h i l e  u n d e r g o in g  c o l l i s i o n l e s s  Landau damping .  I n  t h e  
s e c o n d  c a s e  t h e  damping of  an e l e c t r i c  f i e l d  p r o p a g i a t i n g  a t  
an a n g l e  o f  45 d e g r e e s  t o  t h e  m a g n e t ic  f i e l d  a x i s  i s  
o b s e r v e d .  I n  b o th  t e s t  c a s e s  a M ax w e l l ian  p lasm a  w ith  a 
t e m p e r a t u r e  c o r r e s p o n d i n g  t o  10 e v  i s  u sed  f o r  t h e  i n i t i a l  
e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n .  The i n i t i a l  d i s t r i b u t i o n  
f u n c t i o n  h a s  t h e  form
-a(v^+Vu)
f(v„,vA ,<M ,y)  = Ae [1 + c(cos kx x + cos ky y ) ]  , (4.36)
where t h e  s p a c e  d e p e n d e n t  t e r m  g i v e s  t h e  e l e c t r o n  d e n s i t y  
p e r t u r b a t i o n  r e q u i r e d  f o r  t h e  i n i t i a l  e l e c t r o s t a t i c  e l e c t r i c  
f i e l d .  The p a r a m e t e r s  u sed  f o r  t h e  r e s u l t s  shown in  t h e  
f i g u r e s  o f  t h i s  c h a p t e r  a r e  shown i n  t a b l e s  D-1 and D-2 o f  
Appendix  D.
F i g u r e  21 shows t h e  t i m e  e v o l u t i o n  o f  a M axw el l ian  
p la sm a  f o r  a h i g h  i n i t i a l  e l e c t r i c  f i e l d  ( 0 . 8  i n  t h e  
d i m e n s i o n l e s s  s y s te m  o f  u n i t s  d e s c r i b e d  i n  Appendix  B) i n  
two s p a c e  and t h r e e  v e l o c i t y  d i m e n s i o n s .  The t o p  row o f  
f i g u r e  21 shows t h e  i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  a t  T=0. 
The f i r s t  g r a p h  i n  t h e  t o p  row shows t h e  e l e c t r o n
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d i s t r i b u t i o n  f u n c t i o n  v a l u e  a s  a f u n c t i o n  of  p a r a l l e l  and
p e r p e n d i c u l a r  v e l o c i t y .  The x and  y s p a c i a l  d ependence  ha s
been  removed by i n t e g r a t i n g  t h e  d i s t r i b u t i o n  f u n c t i o n  o v e r
t h e  i n t e r v a l s  0 t o  x and 0 t o  y . The v e l o c i t ymax max ■*
d e p en d en ce  i s  removed by i n t e g r a t i n g  t h e  d i s t r i b u t i o n
f u n c t i o n  i n  o v e r  t h e  i n t e r v a l  0 t o  2tt. The d i s t r i b u t i o n  
f u n c t i o n  v a l u e s  a r e  d e n o t e d  by t h e  numbers  0 t h r o u g h  9. The 
numbers  i n d i c a t e  t h e  f r a c t i o n  o f  t h e  maximum f u n c t i o n  v a l u e  
t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  t a k e s  on a t  t h e  p o i n t  i n  
v e l o c i t y  s p a c e  where t h e  number a p p e a r s .  For e x a m p le ,  a "Q”
i n d i c a t e s  t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  i s  i n  t h e  r a n g e
from 0 .9  t o  1 .0  o f  i t s  maximum v a l u e  and  " 0 M i n d i c a t e s  t h e  
v a l u e  i s  from 0 . 0  t o  0 .1  o f  i t s  maximum v a l u e .  The 
i n t e g r a t i o n  and  p l o t t i n g  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  i s  
p e r f o r m e d  by program PLTF3D l i s t e d  i n  A ppend ix .
The r e m a i n i n g  f i g u r e s  i n  row one o f  f i g u r e  21 show 
t h e  d i s t r i b u t i o n  f u n c t i o n  a s  a f u n c t i o n  o f  a s i n g l e  v e l o c i t y  
v a r i a b l e  t h e  o t h e r s  h a v i n g  been i n t e g r a t e d  o u t .  I t  can be 
s ee n  t h a t  t h e  one d i m e n s i o n a l  v e l o c i t y  p r o f i l e s  o f  t h e  
d i s t r i b u t i o n  f u n c t i o n  h a v e  an i s o t r o p i c  M ax w e l l ian  s h a p e .  
The open c i r c l e s  i n d i c a t e  t h e  m a t r i x  g r i d  p o i n t s  where  t h e  
f u n c t i o n  i s  e v a l u a t e d  and  a d j a c e n t  p o i n t s  a r e  c o n n e c t e d  by 
s t r a i g h t  l i n e s .  A l l  i n t e g r a t i o n s  r e q u i r e d  t o  p ro d u c e  t h e  
g r a p h s  i n  f i g u r e  21 a r e  p e r f o r m e d  by t h e  i n t e g r a t i o n  o f  a 
n a t u r a l  c u b i c  s p l i n e  f i t  t o  t h e  d i s t r i b u t i o n  f u n c t i o n  g r i d  
p o i n t s  u s i n g  t h e  IMSL<S0> m a t h e m a t i c a l  s u b r o u t i n e s  d e s c r i b e d  
i n  Appendix  C and c h a p t e r  3 .
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Row two o f  f i g u r e  21 shows t h e  d i s t r i b u t i o n  f u n c t i o n  
a f t e r  4 p la sm a  p e r i o d s  o f  t i m e  have  e l a p s e d .  Comparison  o f  
t h e  f i r s t  f i g u r e  w i th  t h e  c o r r e s p o n d i n g  f i g u r e  o f  t h e  row 
above  shows t h a t  a p l a t e a u  s t r u c t u r e  h a s  d e v e l o p e d  i n  t h e  
p a r a l l e l  v e l o c i t y  d i r e c t i o n .  The p l a t e a u  s t r u c t u r e  i s  more 
c l e a r l y  shown i n  t h e  s e c o n d  f i g u r e  o f  row two.  Energy  from 
t h e  i n i t i a l  e l e c t r i c  f i e l d  h a s  been  t r a n s f o r m e d  i n t o  
e l e c t r o n  k i n e t i c  e n e r g y  t o  form t h e  p l a t e a u  s t r u c t u r e .  The 
p h a s e  v e l o c i t y  o f  t h e  i n i t i a l  p la sm a  wave i s  2 p a r a l l e l  
v e l o c i t y  u n i t s  ( s e e  p a r a m e t e r s  i n  t a b l e  D-2 o f  Appendix  D). 
I t  can  be s e e n  t h a t  t h e  p l a t e a u  s t r u c t u r e  has  been  formed by 
e l e c t r o n s  i n  t h e  r e s o n a n t  r e g i o n  a b o u t  t h e  e l e c t r i c  f i e l d  
p h a s e  v e l o c i t y  a s  e x p e c t e d  from t h e  l i n e a r  t h e o r y  o f  Landau 
dam ping*5 6 * ( s e e  f i g u r e  1 2 . o f  c h a p t e r  3 ) .
The t o t a l  number o f  e l e c t r o n s  i n  t h e  sys tem  f o r  an
e l e c t r o n  d e n s i t y  o f  one  e l e c t r o n  p e r  u n i t  volume (a cube o f
s i d e  Xp ) i s  shown a t  t h e  t o p  o f  t h e  c o n t o u r  p l o t s  i n
co lumn one  o f  f i g u r e  21 .  I n  t h i s  c a s e  t h e  t o t a l  number o f
e l e c t r o n s  i n  a cube  o f  volume A L L  i s  1 .5  f o r  t h e
D x y
s y s t e m  shown i n  f i g u r e  21 .  I t  can  be  s e e n  by c o m p ar i so n  o f  
t h e  i n i t i a l  t=0  and  t= 4  number c a l c u l a t i o n s  t h a t  t h e  t o t a l  
number o f  p a r t i c l e s  i s  c o n s e r v e d  t o  w i t h i n  2%.
F i g u r e  22 shows t h e  e l e c t r i c  f i e l d  e n e r g y  f o r  one 
e l e c t r o n  p e r  u n i t  volume ( Aq 5) a s  a f u n c t i o n  o f  t i m e .  The 
f i e l d  e n e r g y  i s  i n  u n i t s  Of t h e  t h e r m a l  e n e r g y  (k T ) . The 
f i e l d  e n e r g y  shown i n  f i g u r e  22 i s  c a l c u l a t e d  by i n t e g r a t i n g
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t h e  sum o f  t h e  s g u a r e s  o f  t h e  F o u r i e r  s e r i e s  a m p l i t u d e s  ( s e e
e q u a t i o n  4 .2 0 )  o v e r  t h e  s p a c i a l  i n t e r v a l s  0 t o  xmgx and  0
t o  y . The t o t a l  f i e l d  e n e r g y  i n  t h i s  sy s tem  o f  u n i t s  
max
( s e e  Appendix  B) i s  e q u a l  t o  .3  a t  t= 0  and .03  a t  t=4
a c c o r d i n g  t o  f i g u r e  22.  The t o t a l  e l e c t r o n  k i n e t i c  e n e r g y
f o r  an e l e c t r o n  d e n s i t y  o f  one e l e c t r o n  p e r  u n i t  volume (a 
cube  o f  s i d e  ) i s  c a l c u l a t e d  by i n t e g r a t i n g  t h e  p r o d u c t  
o f  t h e  d i s t r i b u t i o n  f u n c t i o n  and  one h a l f  t h e  s q u a r e  o f  t h e  
v e l o c i t y  o v e r  a l l  s p a t i a l  an d  v e l o c i t y  c o o r d i n a t e s .  The 
v a l u e s  a r e  shown a t  t h e  t o p  o f  t h e  c o n t o u r  p l o t s  i n  f i g u r e  
21 t o  be a b o u t  2 t h e r m a l  e n e r g y  u n i t s  ( k T ) . The v a l u e s  o f  
t h e  t o t a l  e l e c t r o n  k i n e t i c  p l u s  f i e l d  e n e r g y  a t  t i m e s  t= 0  
and  t= 4  a r e
Et o t a l (t=0) = 2.18 + .3 = 2.48
Et o t a l (t=4) = 2,57 + *03 = 2-60 (4>37)
i n  u n i t s  o f  t h e r m a l  e n e r g y  kT. T h e r e f o r e ,  i t  can  be 
c o n c lu d e d  t h a t  t h e  t o t a l  e n e r g y  o f  t h e  sys tem  i s  c o n s e r v e d  
t o  w i t h i n  5 % .  The p e r i o d  o f  o s c i l l a t i o n  o f  t h e  t o t a l  f i e l d  
e n e r g y  i s  At=2 <*>p-1  from t h e  u p p e r  c u r v e  i n  f i g u r e  22 which 
can  be compared w i th  t h e  p e r i o d  o f  2 . 6  Up-1  f o r  t h e  e l e c t r i c
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f i e l d  a m p l i t u d e  o s c i l l a t i o n  p e r i o d  f o r  t h e  one  d i m e n s i o n a l  
c a l c u l a t i o n  shown i n  f i g u r e  13a o f  c h a p t e r  3.
A t h r e e  d i m e n s i o n a l  p e r s p e c t i v e  v iew  o f  t h e  i n i t i a l  
and  f i n a l  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  a s  a f u n c t i o n  o f  
p a r a l l e l  and  p e r p e n d i c u l a r  v e l o c i t y  i s  shown i n  t h e  l a s t  row 
o f  f i g u r e  21.  The f i r s t  s k e t c h  shows t h e  i n i t i a l  
d i s t r i b u t i o n  f u n c t i o n  a t  t = 0 .  The p e r p e n d i c u l a r  v e l o c i t y  
c o o r d i n a t e  a x i s  i s  i n t o  t h e  p a p e r  and t h e  p a r a l l e l  v e l o c i t y  
a x i s  i s  i n  t h e  p l a n e  o f  t h e  p a p e r  w i th  t h e  p o s i t i v e  p a r a l l e l  
v e l o c i t i e s  t o  t h e  r i g h t  o f  t h e  o r i g i n .  The d i s t r i b u t i o n  
f u n c t i o n  shown to  t h e  r i g h t  o f  t h e  t=0  s k e t c h  i s  t h e  e v o l v e d  
d i s t r i b u t i o n  f u n c t i o n  a t  t = 4 .  N o t i c e  t h e  p l a t e a u  s t r u c t u r e  
a l o n g  t h e  p a r a l l e l  v e l o c i t y  a x i s  i n d i c a t e d  by t h e  l e f t  hand  
a r r o w .  E l e c t r o n s  i n  t h e  p a r a l l e l  v e l o c i t y  r e g i o n  i n d i c a t e d  
by t h e  r i g h t  hand a r r o w  have  g a i n e d  e n e r g y  from t h e  e l e c t r i c
f i e l d  and h ave  been  a c c e l e r a t e d  t o  t h e  h i g h e r  e n e r g y
v e l o c i t y  m a g n i tu d e  r a n g e  shown by t h e  a r ro w  t o  t h e  l e f t .  
The n e t  r e s u l t  i s  t h e  w e l l  known*56* p l a t e a u  s t r u c t u r e  
a s s o c i a t e d  w i th  Landau damping o f  a h ig h  i n i t i a l  e l e c t r i c
f i e l d .
F i g u r e  23 shows t h e  damping o f  an i n i t i a l  e l e c t r i c
f i e l d  p r o p a g a t i n g  a t  an a n g l e  o f  45 d e g r e e s  t o  t h e  m a g n e t i c  
f i e l d  a x i s .  I n  t h i s  c a s e  t h e  x and y f i e l d  com ponen t s  a r e  
e q u a l  ( see  t a b l e  D-2 Appendix  D). I t  can be  seen  t h a t  a
p l a t e a u  s t r u c t u r e  fo rm s  i n  b o th  t h e  p e r p e n d i c u l a r  and
p a r a l l e l  v e l o c i t y  d i r e c t i o n s .  T h i s  can  be s ee n  i n  t h e
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p e r s p e c t i v e  view shown a t  t h e  b o t to m  o f  f i g u r e  2 3 .  H e r e ,  
t h e  a r r o w s  i n  t h e  t = 4  s k e t c h  i n d i c a t e  p l a t e a u s  i n  t h e  
p e r p e n d i c u l a r  and p a r a l l e l  v e l o c i t y  d i r e c t i o n s .  Comparison  
o f  t h e  t=0  and t= 4  c o n t o u r  p l o t s  ( f i r s t  column o f  f i r s t  two 
rows o f  f i g u r e  23) shows t h a t  t h e  e l e c t r o n  number d e n s i t y  i s  
c o n s e r v e d  t o  w i t h i n  3%. T o t a l  e n e r g y  c o n s e r v a t i o n  i s  
c a l c u l a t e d  from t h e  c o n t o u r  p l o t s  o f  f i g u r e  23 and  t h e  45 
d e g r e e  e l e c t r i c  f i e l d  e n e r g y  g rap h  i n  f i g u r e  22 t o  be  
c o n s e r v e d  t o  w i t h i n  7.555.
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4 . 3  Three  D im e n s io n a l  Beam-Background I n t e r a c t i o n
The VLAS3D co m p u te r  code  ( s e e  Appendix D) i s  used  t o
model t h e  i n t e r a c t i o n  be tw een  a 10 eV e l e c t r o n  background
plasma w i th  a s t r e a m i n g  M axw el l ian  o f  640 eV t h e r m a l  e n e r g y .
An i n i t i a l  e l e c t r i c  f i e l d  e n e r g y  o f  .01  kT ( 3 .2 5  eV) i s
im p lem en ted  by a s u i t a b l e  c h o i c e  o f  t h e  s p a c i a l  v a r i a t i o n
p a r a m e t e r s  C, k and  k i n  e q u a t i o n  4 .3 6  (see  t a b l e  D-2 i n  
x y
Appendix  D f o r  p a r a m e t e r  c h o i c e ) . The e l e c t r i c  f i e l d  e n e r g y  
grows t o  a v a l u e  o f  .0 5  kT a t  t=42  -1  and d e c r e a s e s
t h e r e a f t e r .  The i n i t i a l  v a l u e s  o f  1^ and ky a r e  chosen  t o  
g i v e  p la sm a  waves with  p h ase  v e l o c i t i e s  a t  t h e  beam peak 
v e l o c i t y  3.51v4cT7m" i n  f i g u r e  2 5 ,  and  t h e  r e p e t i t i o n  l e n g t h  
v a l u e s  x mav and  ym, v a r e  d e t e r m i n e d  from t h e  i n i t i a lilia a llldA
v a l u e s  o f  kx and  ky ( k x =2 it/ x max ) .  The m a g n e t i c  f i e l d
s t r e n g t h  i s  c h o se n  such  t h a t  t h e  c y c l o t r o n  f r e q u e n c y  ioc i s
e q u a l  t o  one t e n t h  o f  t h e  p lasm a  f r e q u e n c y  <0p . T h i s  c h o i c e
o f  m a g n e t i c  f i e l d  g i v e s  a c y c l o t r o n  r a d i u s  ( r c =vx  /(oc )
e q u a l  t o  o r  l e s s  t h a n  t h e  r e p e t i t i o n  l e n g t h s  (xmax a n ^
^max  ^ ^ ° r  Pe r Penfli c u l a r  v e l o c i t i e s  l e s s  t h a n  o r  e q u a l  t o
2/kT/m . The v a l u e  o f  Uc = # 1 Wp i s  t y p i c a l  o f  t h e  p lasma
s h e e t  where n -1  cm- 3  and B~5x10~* G a u s s . < 15>e
The r e s u l t s  o f  t h e  i n t e r a c t i o n  o v e r  a t im e  p e r i o d  o f  
36 0)^  a r e  shown i n  f i g u r e  24 .  Some i m p o r t a n t  f e a t u r e s  o f  
t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  a r e  p o i n t e d  o u t  by t h e  
a r r o w s  i n  t h e  t=0  c u r v e  a t  t h e  t o p  o f  f i g u r e  24.  The 
ba ckg round  i n d i c a t e d  by  a r ro w  " I "  i s  s i g n i f i c a n t l y  r e d u c e d
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o v e r  t h e  36 p lasma p e r i o d s  o f  e v o l u t i o n  shown. Most o f  t h e  
e l e c t r o n s  l o s t  from t h e  b a c k g r o u n d  peak  r e g i o n  a r e
a c c e l e r a t e d  t o  h i g h e r  p a r a l l e l  v e l o c i t y  t o  f i l l  i n  t h e
" v a l l e y ” i n d i c a t e d  by a r row  " 2 " .  a t  t=24  t h e  " v a l l e y "  h a s  
been  f i l l e d  i n  t o  form a p l a t e a u  and a t  t= 3 6  t h e  p l a t e a u  
r e g i o n  h a s  been  p o p u l a t e d  w i th  a d d i t i o n a l  e l e c t r o n s  from t h e  
back g ro u n d  and beam peak  " 3 " .  The beam peak  i s  somewhat
d i m i n i s h e d  and " f l a t t e n e d "  o v e r  t h e  36 p lasma p e r i o d
s e q u e n c e  shown. The d i s t r i b u t i o n  f u n c t i o n  r e m a i n s  
e s s e n t i a l l y  unchanged from t= 3 6  t o  t= 6 0  ( n o t  shown) so t h a t  
i t  can  be i n f e r r e d  t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  i s  s t a b l e  
t o  V la so v  i n s t a b i l i t i e s  a t  t= 3 6  w i t h i n  t h e  a c c u r a c y  p r o v i d e d  
by t h i s  model.
The i n c r e a s e  i n  e l e c t r o n  p o p u l a t i o n  i n  t h e  gap 
between t h e  b a c k g ro u n d  and beam (a r ro w  2) i s  i n  a g re e m e n t  
w i t h  t h e  r e s u l t s  o b t a i n e d  in  c h a p t e r  3 f o r  t h e  
beam -background  i n t e r a c t i o n  shown i n  f i g u r e  18.  The beam 
d i s s i p a t i o n  e x p e c t e d  from t h e  r e s u l t s  o f  t h e  o n e - d i m e n s i o n a l  
c a l c u l a t i o n  ( s e e  f i g u r e  15a) i s  s e e n  a s  an e v o l u t i o n  o f  th e  
two peak s t r u c t u r e  i n  t h e  o n e - d i m e n s i o n a l  d i s t r i b u t i o n  
f u n c t i o n  F (vf/ ) i n  t h e  c e n t e r  column o f  g r a p h s  i n  f i g u r e  25 
t o  a s t a b l e  s i n g l e  peak  d i s t r i b u t i o n  f u n c t i o n .  The s t a b l e  
form o f  t h e  t w o - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  f  (v;/ , v^ ) 
shown a t  t h e  bottom o f  f i g u r e  24 r e t a i n s  a p l a t e a u  o r  s l i g h t  
peak  l i k e  s t r u c t u r e  i n  t h e  beam and b ack g ro u n d  p e ak s  i n  t h e  
p a r a l l e l  v e l o c i t y  d i r e c t i o n  ev en  th o u g h  t h e  o n e - d i m e n s i o n a l  
form f*(v,| ) i n  f i g u r e  25 shows no b ack g ro u n d  p e a k .
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C om par ison  o f  t h e  c e n t r a l  g r a p h s  o f  F(v , ,  ) vs v;/ f o r  a l l  
rows  i n  f i g u r e  25 shows t h e  e v o l u t i o n  o f  t h e  g e n t l e  
b a c k g r o u n d  e l e c t r o n  bump p r e s e n t  i n i t i a l l y  a t  t= 0  t o  t h e  
p l a t e a u  s t r u c t u r e  a t  t= 2 4  p r e d i c t e d  by t h e  o n e - d i m e n s i o n a l  
l i n e a r  t h e o r y < 7  0> and t h e  t w o - d i m e n s i o n a l  q u a s i - p l a t e a u  a t  
t=36  i n  f i g u r e  24 s u g g e s t e d  by t h e  t w o - d i m e n s i o n a l  l i n e a r  
t h e o r y * 72 >.
The c u r v e  o f  F ( v tJ) vs  v(| i n  t h e  t o p  row o f  f i g u r e  25
shows t h e  i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  w i th  a l l  s p a c e  and
two v e l o c i t y  com ponen ts  i n t e g r a t e d  o u t .  The i n t e g r a l  u n d e r  
t h e  r e m a i n i n g  c u r v e  i s  t h e  e l e c t r o n  number d e n s i t y  ( e x c e p t  
t h a t  a d i v i s i o n  by t h e  p r o d u c t  xm,„  y m„„ =400 must be made
IHaX iTiaX
b e c a u s e  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  n o r m a l i z a t i o n -  s e e  
e q u a t i o n  4 . 1 7 ) .  T h e r e f o r e ,  i t  c an  be s ee n  from t h e  a r e a  
u n d e r  t h e  c u r v e ,  t h a t  t h e  number o f  e l e c t r o n s  i n  t h e  beam i s  
a b o u t  f i v e  t i m e s  g r e a t e r  t h a n  t h e  b a ck g r o u n d  number d e n s i t y .  
T h i s  o c c u r s  b e c a u s e  t h e  p a r a l l e l  v e l o c i t y  g r i d  p o i n t s  a r e  
t o o  w id e ly  s p a c e d  t o  model t h e  s h a r p  peak t h a t  must  a p p e a r  
n e a r  v =0 i n  o r d e r  t o  make t h e  beam and b a c k g ro u n d  d e n s i t i e s  
e q u a l .
The t h r e e - d i m e n s i o n a l  beam d i s t r i b u t i o n  f u n c t i o n  i s
t a k e n  t o  be  a s t r e a m i n g  M ax w e l l ia n  ( e q u a t i o n  4 .36 )  r a t h e r
t h a n  t h e  a c c e l e r a t e d  M ax w e l l ia n  u s e d  i n  t h e  one d i m e n s i o n a l  
c a s e  ( e q u a t i o n  3 . 3 2 ) .  The s t r e a m i n g  M axw el l ian  h a s  a 
s m a l l e r  i n i t i a l  ( t=0) s l o p e  m a g n i tu d e  i n  t h e  gap r e g i o n  
between t h e  b a c k g ro u n d  and beam and i t  e x t e n d s  f u r t h e r  i n t o
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t h e  b a c k g ro u n d  v e l o c i t y  r a n g e  t h a n  t h e  a c c e l e r a t e d  
M ax w e l l ian  d i s t r i b u t i o n .  T h i s  c h o i c e  i s  made b e c a u s e  o f  t h e  
d i f f i c u l t y  i n  m o d e l in g  t h e  s h a r p  s l o p e  i n  an a c c e l e r a t e d  
M axw el l ian  d i s t r i b u t i o n  ( s e e  f i g u r e  1 7 ) .
Com par ison  o f  t h e  c e n t r a l  g r a p h s  o f  F(v„) vs v(( f o r  
a l l  rows shows t h e  e v o l u t i o n  o f  t h e  g e n t l e  bump p r e s e n t  
i n i t i a l l y  a t  t= 0  t o  t h e  p l a t e a u  s t r u c t u r e  a t  t= 2 4  p r e d i c t e d  
one d i r a e n s i o n a l l y  by l i n e a r  t h e o r y  and t h e  q u a s i  p l a t e a u  a t  
t= 3 6  s u g g e s t e d  by two d i m e n s i o n a l  l i n e a r  t h e o r y * 7 2 *.
The c u r v e s  o f  F(v^) vs v^ show l i t t l e  ch an g e  
i n d i c a t i n g  no n e t  a c c e l e r a t i o n  o f  e l e c t r o n s  t o  h i g h e r  
p e r p e n d i c u l a r  v e l o c i t y .  T h i s  i n d i c a t e s  t h a t  t h e  i n s t a b i l i t y  
i n d u c e s  p r i m a r i l y  p a r a l l e l  Langmuir  wave g rowth  and l i t t l e  
p i t c h  a n g l e  s c a t t e r i n g  t a k e s  p l a c e  o v e r  t h e  36 p la sm a  
p e r i o d s  shown.  The c o n t o u r  p l o t  a t  t=0  shows a beam peak  a t  
v)( = 3 . 5  and  ^ = 0 . 5 .  However,  t h e  s t a b l e  d i s t r i b u t i o n  
f u n c t i o n  a t  t=36 shows a l l  z e r o s  i n  t h e  = 3 .5  column o f  t h e  
c o n t o u r  p l o t .  The a n i s o t r o p i c  beam peak  i n i t i a l l y  a t  vw = 3 . 5 
and  z e r o  d e g r e e s  p i t c h  a n g l e  h a s  n o t  s p r e a d  t o  o t h e r  p i t c h  
a n g l e s  t o  form a more i s o t r o p i c  beam o v e r  a t i m e  p e r i o d  o f  
60 p lasm a  p e r i o d s  ( t=60  c u r v e s  n o t  s h o w n ) . T h i s  i s  an 
i m p o r t a n t  p o i n t  i n  t h e  i n t e r p r e t a t i o n  o f  t h e  o n e - d i m e n s i o n a l  
r e s u l t s  o f  c h a p t e r  3 .  Those  r e s u l t s  i n d i c a t e d  t h a t  an 
a c c e l e r a t e d  M axw e l l ian  beam i s  d i s s i p a t e d  by a b s o r p t i o n  i n  
t h e  backg round  p la sm a  u n l e s s  t h e y  a r e  p i t c h  a n g l e  s c a t t e r e d  
t o  a more s t a b l e  i s o t r o p i c  v e l o c i t y  d i s t r i b u t i o n  w i t h i n  30
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p la sm a  p e r i o d s  ( see  f i g u r e  15) f o r  an e q u a l  d e n s i t y  beam 
b a c k g ro u n d  i n t e r a c t i o n .  The f a c t  t h a t  t h e  p a r a l l e l  
s t r e a m i n g  t h r e e - d i m e n s i o n a l  beam -background  i n t e r a c t i o n  
shown i n  f i g u r e s  24 and  25 d o e s  n o t  p i t c h  a n g l e  s c a t t e r  t o  a 
more i s o t r o p i c  form i n d i c a t e s  t h a t  a n i s o t r o p i c  a c c e l e r a t e d  
M axw el l ian  beams a r e  q u i c k l y  d i s s i p a t e d  i n  t h e i r  
o n e - d i m e n s i o n a l  r e p r e s e n t a t i o n  F ( v „  ) by e n e r g y  exchange  
w i th  t h e  e l e c t r o s t a t i c  f i e l d  r a t h e r  t h a n  p i t c h  a n g l e  
s c a t t e r e d  t o  a more s t a b l e  fo rm.  However,  t h e  
t w o - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  f  (v;/ f Vj_ ) may r e t a i n  
a two p eaked  o r  peak and  p l a t e a u  s t r u c t u r e  a f t e r  e v o l u t i o n  
( s e e  f i g u r e  25) p r o v i d e d  t h a t  one o f  t h e  p e a k s  l o s e s  enough 
e l e c t r o n s  t o  t h e  " v a l l e y "  r e g i o n  t o  g i v e  a monotone 
d e c r e a s i n g  o n e - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  F (v(/ ) from 
t h e  r e m a i n i n g  peak  a f t e r  i n t e g r a t i o n  o v e r  t h e  p e r p e n d i c u l a r  
v e l o c i t y  ( s e e  f i g u r e  25) .
The r e s u l t s  p r e s e n t e d  i n  c h a p t e r s  3 and 4 o f  t h i s  
t h e s i s  a r e  c o n s i s t e n t  w i th  an a u r o r a l  model t h a t  i n c l u d e s  
s t r e a m i n g  o r  a c c e l e r a t e d  M ax w e l l ia n  plasma s h e e t  p a r t i c l e s  
t h a t  i n t e r a c t  w i t h  t h e  a u r o r a l  i o n o s p h e r e  t o  g i v e  r i s e  t o  
p a r a l l e l  Langmuir  waves and an i n c r e a s e  i n  t h e  p o p u l a t i o n  o f  
e l e c t r o n s  i n  t h e  e n e r g y  r a n g e  be tween  t h e  b a ckg round  and 
beam e l e c t r o n  e n e r g i e s  ( s e e  f i g u r e s  24 and 1 8 ) .  L o c a l  
a c c e l e r a t i o n  o f  t h e  s t r e a m i n g  p lasma s h e e t  p a r t i c l e s  may 
o c c u r  a s  e v i d e n c e d  by t h e  m easurem ent  o f  e l e c t r o n  " b u r s t s "  
o f  s t r o n g l y  f i e l d  a l i g n e d  e l e c t r o n s .  The l o c a l l y  
a c c e l e r a t e d  e l e c t r o n  one d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n
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p eak s  a r e  p r o b a b l y  d i s s i p a t e d  l e a v i n g  a p l a t e a u  o r  s l i g h t  
peak  s t r u c t u r e  i n  t h e  t w o - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  
w i t h i n  a few hun d red  k i l o m e t e r s  o f  t r a v e l .
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5 .1  Plasma Naves
The n a t u r e  o f  t h e  p r o p a g a t i o n  o f  e l e c t r o s t a t i c  waves 
(E U k ) i n  a p la sm a  i s  w e l l  u n d e r s t o o d 60 46>. Much work 
h a s  been done  i n  d e t e r m i n i n g  d i s p e r s i o n  r e l a t i o n s < 7S 76> 
r e l a t i n g  w a v e l e n g t h  and  f r e q u e n c y  f o r  v a r i o u s  p l a s m a s .  
E l e c t r o s t a t i c  e l e c t r i c  f i e l d s  a r e  fo rmed  by c h a r g e
" b u n c h i n g 11 t o  form a p e r i o d i c  s p a t i a l  v a r i a t i o n  i n  c h a r g e
d e n s i t y .  The e l e c t r i c  f i e l d  c an  be c a l c u l a t e d  from
P o i s s o n ' s  e q u a t i o n  r e l a t i n g  t h e  e l e c t r i c  f i e l d  and c h a r g e  
d e n s i t y .  E l e c t r o s t a t i c  waves p r o p a g a t e  a s  t r a v e l i n g  c h a r g e  
d e n s i t y  waves ,  so t h a t  t h e  e l e c t r i c  f i e l d  i s  i n  t h e
d i r e c t i o n  o f  p r o p a g a t i o n .
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An exchange  o f  e n e r g y  be tween  t h e  k i n e t i c  e n e r g y  o f  
c h a r g e  m o t io n  and t h e  e l e c t r i c  f i e l d  e n e r g y  a s s o c i a t e d  w i th  
c h a r g e  " b u n c h in g "  can  t a k e  p l a c e  i n  a c o l l i s i o n l e s s  V la so v  
p la sm a .  I n  t h e  c a s e  o f  a p lasm a  d i s t r i b u t i o n  t h a t  i s  
u n s t a b l e  t o  V la so v  i n s t a b i l i t i e s ,  t h e  e l e c t r o s t a t i c  e l e c t r i c  
f i e l d  grows a t  t h e  e x p e n s e  o f  p a r t i c l e  k i n e t i c  e n e r g y  i n  
su ch  a way a s  t o  remove t h e  u n s t a b l e  f e a t u r e  i n  t h e  p lasm a  
v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  ( see  t h e  tw o - s t r e a m  
i n s t a b i l i t y  i n  f i g u r e  14 o f  c h a p t e r  3 ) .  I n  o t h e r  c a s e s  an 
e l e c t r o s t a t i c  f i e l d  im posed  on t h e  p la sm a  may be damped 
g i v i n g  up e n e r g y  t o  i n c r e a s e  t h e  k i n e t i c  e n e r g y  o f  t h e  
p la sm a  p a r t i c l e s  ( see  Landau damping i n  f i g u r e  12 o f  c h a p t e r  
3) .
The p r o p a g a t i o n  o f  an e l e c t r o s t a t i c  wave i n  a 
M ax w e l l ian  p lasma and i t s  s u b s e q u e n t  Landau damping i s  
d e p i c t e d  i n  f i g u r e s  12 and  13 o f  c h a p t e r  3 .  The i n i t i a l  
M axw el l ian  d i s t r i b u t i o n  i s  g i v e n  a s p a t i a l  d ependence  
c o r r e s p o n d i n g  t o  a c o s i n e  e l e c t r o n  d e n s i t y  v a r i a t i o n  and an 
e l e c t r o s t a t i c  e l e c t r i c  f i e l d  w i th  a w a v e le n g th  d e t e r m i n e d  by 
t h e  wave number o f  t h e  c o s i n e  d e p e n d e n t  f a c t o r  ( see  e q u a t i o n  
3 . 2 1 ) .  The e l e c t r o s t a t i c  wave p r o p a g a t e s  w i th  a f r e q u e n c y  
d e t e r m i n e d  by t h e  d i m e n s i o n l e s s  ( s e e  Appendix B) warm p la sm a  
d i s p e r s i o n  r e l a t i o n
co2 = 1 + |  k2 , (5 .1 )
where k=2Tr / ( L / x ^  ) i s  t h e  wave number o f  t h e  p lasm a  wave 
d e t e r m in e d  by t h e  c o s i n e  d e p en d e n c e  im posed  i n i t i a l l y .  The 
r a p i d ,  h ig h  f r e q u e n c y  e l e c t r i c  f i e l d  o s c i l l a t i o n s  shown i n  
f i g u r e  13 o c c u r  w i th  t w i c e  t h e  f r e q u e n c y  c a l c u l a t e d  from 
e q u a t i o n  5 .1  b e c a u s e  f i g u r e  13 i s  a g raph  o f  t h e  m agn i tude  
o f  t h e  e l e c t r i c  f i e l d  com p o n en t s .  E l e c t r i c  f i e l d  a m p l i t u d e s  
c o r r e s p o n d i n g  t o  s m a l l e r  w a v e le n g th ,  h i g h e r  wave number 
o s c i l l a t i o n s  t h a n  t h e  i n i t i a l  o s c i l l a t i o n  show h i g h e r  
o s c i l l a t i o n  f r e q u e n c i e s  a s  e x p e c t e d  from e q u a t i o n  5 . 1 .
The i n i t i a l  p lasm a  o s c i l l a t i o n s  shown i n  f i g u r e  13 
a r e  damped i n  t i m e  a s  t h e  e l e c t r o s t a t i c  e l e c t r i c  f i e l d  g i v e s  
up e n e r g y  t o  i n c r e a s e  t h e  e l e c t r o n  k i n e t i c  e n e r g y .  The 
e l e c t r o n s  t h a t  form t h e  p l a t e a u  s t r u c t u r e  shown i n  t h e  
d i s t r i b u t i o n  f u n c t i o n  i n  f i g u r e  12 have  been  a c c e l e r a t e d  by 
t h e  e l e c t r o s t a t i c  e l e c t r i c  f i e l d  t o  h i g h e r  v e l o c i t i e s  i n  t h e  
e x t e n d e d  p l a t e a u  r e g i o n .  E l e c t r o n s  w i th  v e l o c i t i e s  j u s t  
be low t h e  p h a s e  v e l o c i t y  o f  t h e  e l e c t r i c  f i e l d  a r e
a c c e l e r a t e d  t o  h i g h e r  v e l o c i t i e s  w h i l e  t h o s e  w i th  v e l o c i t i e s  
a bove  t h e  p h ase  v e l o c i t y  o f  t h e  i n i t i a l  e l e c t r i c  f i e l d  g i v e
up e n e r g y  t o  t h e  wave and a r e  d e c e l e r a t e d * 5 7 >. There  a r e
more e l e c t r o n s  w i th  v e l o c i t i e s  j u s t  below t h e  p h a se  v e l o c i t y  
o f  t h e  wave t h a n  a b o v e ,  so t h a t  t h e  n e t  r e s u l t  i s  t h e
f o r m a t i o n  o f  t h e  Landau damping p l a t e a u  s t r u c t u r e .
The t w o - s t r e a m  i n s t a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  
t im e  e v o l u t i o n  shown i n  f i g u r e  14 o f  c h a p t e r  3 i s  w e l l  known 
from t h e  l i n e a r  V la so v  e q u a t i o n  t h e o r y . * 7 4 > K i n e t i c  e n e r g y
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from two c o l l i d i n g  e l e c t r o n  beams s t r e a m i n g  i n  o p p o s i t e  
d i r e c t i o n s  i s  c o n v e r t e d  i n t o  t h e  e n e r g y  o f  a g row ing  
e l e c t r o s t a t i c  e l e c t r i c  f i e l d .  The e l e c t r o s t a t i c  f i e l d  
c r e a t e d  by c h a r g e  " b u n c h i n g '1 o c c u r s  i n  t h e  o p p o s i t e l y  
s t r e a m i n g  beams g i v i n g  an e l e c t r o n  d e n s i t y  t h a t  v a r i e s  
p e r i o d i c a l l y  i n  s p a c e .  T h i s  s p a t i a l  v a r i a t i o n  o f  t h e  
e l e c t r o n  d e n s i t y  g i v e s  r i s e  t o  an e l e c t r o s t a t i c  e l e c t r i c  
f i e l d  t h a t  may be  c a l c u l a t e d  from P o i s s o n ' s  e q u a t i o n  
r e l a t i n g  t h e  e l e c t r i c  f i e l d  t o  t h e  e l e c t r o n  c h a r g e  d e n s i t y .  
F i g u r e  14 shows t h e  g row th  o f  t h e  f i r s t  f o u r  F o u r i e r  
t r a n s f o r m  com ponen t s  o f  t h e  e l e c t r i c  f i e l d  d e f i n e d  by 
e q u a t i o n  3 . 1 3  a s  t h e  i n s t a b i l i t y  grows i n  t i m e .  The F o u r i e r  
com ponen ts  a r e  t h e  a m p l i t u d e s  o f  t h e  e l e c t r o s t a t i c  waves 
w i th  w a v e l e n g t h s  e q u a l  t o  a f r a c t i o n  o f  t h e  r e p e t i t i o n  
l e n g t h  L c h o se n  f o r  t h e  f i n i t e  F o u r i e r  s e r i e s  r e p r e s e n t a t i o n  
o f  t h e  e l e c t r i c  f i e l d  and  c h a r g e  d e n s i t y .  The F o u r i e r  
t r a n s f o r m  com ponen t s  shown i n  F i g u r e  14 a r e  t h e  a m p l i t u d e s  
o f  e l e c t r o s t a t i c  waves w i th  w a v e l e n g t h s  r a n g i n g  from t h e  
r e p e t i t i o n  l e n g t h  L t o  1 /4  o f  t h e  r e p e t i t i o n  l e n g t h .
The two s t r e a m  i n s t a b i l i t y  shown i n  f i g u r e  14 shows 
t h a t  t h e  e l e c t r i c  f i e l d  a m p l i t u d e  grows from a v e ry  s m a l l  
v a l u e  o f  . 0 5  i n  t h e  d i m e n s i o n l e s s  s y s t e m  o f  u n i t s  d e s c r i b e d  
i n  Appendix B t o  . 5  o v e r  t h e  60 plasma o s c i l l a t i o n  t im e  
p e r i o d  shown. T h i s  c o r r e s p o n d s  t o  a g ro w th  i n  e l e c t r i c  
f i e l d  e n e r g y  from .0 1 5  kT t o  1 .5  kT o r  a f a c t o r  o f  100. 
T hus ,  t h e  d r i v i n g  f o r c e  o f  two c o l l i d i n g  e l e c t r o n  beams 
c r e a t e s  an e l e c t r o s t a t i c  f i e l d  w i th  an e n e r g y  c o m p a r a b le  t o
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t h e  a v e r a g e  e l e c t r o n  e n e r g y  a t  t h e  e x p e n s e  o f  t h e  e l e c t r o n  
k i n e t i c  e n e r g y .  The d e c r e a s e  i n  t o t a l  e l e c t r o n  k i n e t i c  
e n e r g y  can be o b s e r v e d  i n  t h e  i n c r e a s e  i n  t h e  number o f  low 
v e l o c i t y  e l e c t r o n s  n e a r  z e r o  v e l o c i t y  i n  f i g u r e  14.
E l e c t r o s t a t i c  p lasm a  wave g ro w th  i s  a l s o  seen  i n  t h e  
beam -background  i n t e r a c t i o n  m ode ls  shown i n  f i g u r e s  15 and 
16 o f  c h a p t e r  3 .  F i g u r e s  16a and  16b show t h a t  t h e  f i r s t  
F o u r i e r  component  e l e c t r i c  f i e l d  a m p l i t u d e s  grow by two 
o r d e r s  o f  m a g n i tu d e  o v e r  t h e  60 p lasm a  p e r i o d s  shown f o r  t h e  
h ig h  beam t o  b ack g ro u n d  e l e c t r o n  d e n s i t y  r a t i o s  shown ( . 2 8 2 5  
and  . 0 2 8 2 5 ) .  L i n e a r  V la so v  t h e o r y  p r e d i c t s  t h a t  i n s t a b i l i t y  
e l e c t r i c  f i e l d  g row th  w i l l  be  s e e n  o v e r  2 ,0 0 0  p lasm a  p e r i o d s  
( t a b l e  4) f o r  a beam t o  b a c k g ro u n d  d e n s i t y  r a t i o  o f  1 0 - s .  
T a b le  5 shows t h a t  i n  a l l  c a s e s  a 2 keV s t r o n g l y  a n i s o t r o p i c  
e l e c t r o n  beam d o e s  n o t  t r a v e l  more t h a n  100 km t h r o u g h  a 
M axw el l ian  e l e c t r o n  b a c k g r o u n d  b e f o r e  c a u s i n g  e l e c t r o s t a t i c  
e l e c t r i c  f i e l d  g rowth  t o  i t s  maximum a m p l i t u d e .  F i g u r e  15 
shows t h a t  t h e  r e s u l t  o f  t h e  g row th  i n  e l e c t r i c  f i e l d  e n e r g y  
i n  t h e  low beam t o  b a ck g r o u n d  d e n s i t y  c a s e s  i s  a d e c r e a s e  i n  
e n e r g y  o f  t h e  beam e l e c t r o n s .  The f i n a l  o n e - d i m e n s i o n a l  
d i s t r i b u t i o n  f u n c t i o n  form f o r  t h e  0 .2 8 2 5  d e n s i t y  r a t i o  c a s e  
i n  row " a "  o f  f i g u r e  15 shows t h a t  t h e  beam e l e c t r o n s  have  
been  a s s i m i l a t e d  i n t o  t h e  b a ck g ro u n d  i n c r e a s i n g  i t s  
t e m p e r a t u r e  and i n c r e a s i n g  t h e  e l e c t r i c  f i e l d  e n e r g y .  A 
s i m i l a r  r e s u l t  i s  o b t a i n e d  f o r  t h e  .0 2 8 2 5  d e n s i t y  r a t i o  c a s e  
i n  row "b "  o f  f i g u r e  15. I n  t h i s  c a s e  t h e  one d i m e n s i o n a l  
beam i s  c o m p l e t e l y  a s s i m i l a t e d  i n t o  t h e  b a ck g r o u n d  a f t e r  120
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p la sm a  o s c i l l a t i o n s  ( n o t  show n) . The n u m e r i c a l  s i m u l a t i o n
r e s u l t s  o f  Papadopou los*® 3 > show t h a t  t h e  e l e c t r o s t a t i c
e l e c t r i c  f i e l d  e n e r g y  grows by two o r d e r s  o f  m a g n i tu d e  t o  
i t s  maximum v a l u e  a f t e r  5 r 000 p lasma p e r i o d s  f o r  a 
b eam -background  d e n s i t y  r a t i o  o f  3x10- 2 . I f  t h e
e l e c t r o s t a t i c  e l e c t r i c  f i e l d  g rowth  h a s  t h e  same e f f e c t  on
t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  low beam t o  
b a ck g ro u n d  d e n s i t y  r a t i o  c a s e s  ( ,2 8 2 5 x 1 0 -2  and 0 .2 8 2 5 x 1 0 - 5 ) 
a s  f o r  t h e  h ig h  d e n s i t y  r a t i o  c a s e s  ( .2 8 2 5  and . 0 2 8 2 5 ) ,  t h e n  
t h e  low d e n s i t y  o n e - d i m e n s i o n a l  e l e c t r o n  beams a r e  
a s s i m i l a t e d  i n t o  t h e  M ax w e l l ia n  b ackg round  i n c r e a s i n g  i t s  
t e m p e r a t u r e  and  g i v i n g  up e n e r g y  t o  t h e  e l e c t r i c  f i e l d  ( s e e  
f i g u r e  15)o The a s s i m i l a t i o n  p r o c e s s  t a k e s  p l a c e  w i t h i n  a t  
most  100 km o f  t r a v e l  f o r  a 2 keV beam ( s e e  t a b l e  5 ) •
The g e n e r a t i o n  and  g row th  o f  e l e c t r o s t a t i c  p lasm a  
waves by e l e c t r o n  beam c o l l i s i o n  w i th  a M axw e l l ian  
b a c k g ro u n d  shown i n  f i g u r e s  1h t h r o u g h  19 o f  c h a p t e r  3 
d e p e n d s  on t h e  s t r o n g l y  a n i s o t r o p i c  n a t u r e  o f  t h e  beam- 
b a ck g r o u n d  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n .  An i s o t r o p i c  
d i s t r i b u t i o n  f u n c t i o n  i s  s t a b l e  t o  V lasov  i n s t a b i l i t i e s * 43> 
and w i l l  n o t  g i v e  e l e c t r o s t a t i c  e l e c t r i c  f i e l d  g ro w th .  Only 
t h o s e  o n e - d i m e n s i o n a l  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  vs  
v e l o c i t y  c u r v e s  t h a t  show a beam peak  a l o n g  t h e  m a g n e t i c  
f i e l d  d i r e c t i o n  a f t e r  i n t e g r a t i n g  o v e r  a l l  o t h e r  sp a c e  and 
v e l o c i t y  c o o r d i n a t e s  g i v e  p a r a l l e l  e l e c t r o s t a t i c  p lasma wave 
g ro w th  a c c o r d i n g  t o  t h e  o n e - d i m e n s i o n a l  V la so v  t h e o r y . *♦♦> 
T h r e e  d i m e n s i o n a l  i s o t r o p i c  e l e c t r o n  d i s t r i b u t i o n s  t h a t  h ave
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an i s o t r o p i c  beam peak  i n  v e l o c i t y  s p a c e  ( s i m i l a r  t o  f i g u r e  
8 ) do n o t  g i v e ,  r i s e  t o  g ro w in g  p a r a l l e l  Langmuir  waves 
( e l e c t r o s t a t i c  p lasm a  waves) b e c a u s e  t h e  o n e - d i m e n s i o n a l  
d i s t r i b u t i o n  f u n c t i o n  o b t a i n e d  by i n t e g r a t i n g  o v e r  
n o n p a r a l l e l  v e l o c i t y  and s p a c e  c o o r d i n a t e s  i s  monotone 
d e c r e a s i n g  i n  t h e  r e m a i n i n g  p a r a l l e l  v e l o c i t y  c o o r d i n a t e ,  
and t h e r e f o r e ,  s t a b l e  t o  V la so v  i n s t a b i l i t i e s .  The t y p i c a l  
a u r o r a l  e l e c t r o n  d i s t r i b u t i o n  a t  r o c k e t  a l t i t u d e s  ( 2 0 0  km) 
shown i n  f i g u r e  8 o f  c h a p t e r  2 h a s  a q u a s i - i s o t r o p i c  beam 
peak  i n  t h e  downward h e m is p h e r e  t h a t  i s  s t a b l e  t o  V la so v  
i n s t a b i l i t i e s  t h a t  p r o d u c e  p a r a l l e l  Langmuir  waves*4 **. 
However,  s h o r t  d u r a t i o n  ( <1 sec )  s t r o n g l y  a n i s o t r o p i c  
e l e c t r o n  " b u r s t s "  w i th  f l u x e s  a l o n g  t h e  m a g n e t i c  f i e l d  e q u a l  
t o  t e n  t i m e s  t h a t  i n  n o n p a r a l l e l  d i r e c t i o n s  have  been  
m easured  a t  r o c k e t  a l t i t u d e s * 52 53 18*. These  s t r o n g l y  
f i e l d  a l i g n e d  r o c k e t  a l t i t u d e  e l e c t r o n  beams can be e x p e c t e d  
t o  g i v e  r i s e  t o  p a r a l l e l  p la sm a  wave g ro w th  and  e x h i b i t  t h e  
b e h a v i o r  shown i n  t h e  o n e - d i m e n s i o n a l  b eam -background  
i n t e r a c t i o n s  o f  f i g u r e s  14 t h r o u g h  19.
I n  a d d i t i o n  t o  e l e c t r o n  " b u r s t s "  m easu red  a t  low 
a l t i t u d e  ( 200 km) h ig h  a l t i t u d e  (7 ,0 0 0  t o  8 ,0 0 0  km) 
m e asu re m e n ts  o f  s t r o n g l y  f i e l d  a l i g n e d  h ig h  e n e r g y  e l e c t r o n s  
(~16 keV) h ave  been  r e p o r t e d  from t h e  S3-3 s a t e l l i t e  by 
R .S h a rp  e t .  a l . * 7 7 * and Mizera  and  F e n n e l l * 7 8 *. T hese  
s a t e l l i t e  a l t i t u d e  s t r o n g l y  f i e l d  a l i g n e d ,  h ig h  e n e r g y  
e l e c t r o n s  c a n  be  e x p e c t e d  t o  g i v e  r i s e  t o  p a r a l l e l  Langmuir  
wave g ro w th  i n  a back g ro u n d  o f  low e n e r g y  e l e c t r o n s  . The
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o n e - d i m e n s i o n a l  r e p r e s e n t a t i o n  o f  t h e  beam e l e c t r o n s  i s  
e x p e c t e d  t o  show a s s i m i l a t i o n  o f  t h e  o n e - d i m e n s i o n a l  
d i s t r i b u t i o n  f u n c t i o n  p e ak  i n t o  t h e  b a c k g r o u n d .  T h i s  
i m p l i e s  a d i s s i p a t i o n  o f  t h e  t h r e e - d i m e n s i o n a l  h i g h  e n e r g y  
e l e c t r o n  beam peak  u n l e s s  t h e  e l e c t r o n s  a r e  p i t c h  a n g l e  
s c a t t e r e d  t o  a more s t a b l e  i s o t r o p i c  d i s t r i b u t i o n .  The 
o b s e r v a t i o n  o f  p i t c h  a n g l e  s c a t t e r i n g  r e q u i r e s  a two o r  
t h r e e  d i m e n s i o n a l  t h e o r y  i n  which n o n p a r a l l e l  p lasma waves 
and  B e r n s t e i n  e l e c t r o s t a t i c  waves*75* d e r i v e d  from t h e  
e l e c t r o n  c y c l o t r o n  m o t ion  i n  t h e  e a r t h ' s  m a g n e t i c  f i e l d  can 
p r o p a g a t e .
C h a p t e r  4 d e s c r i b e s  a 2 1 /2  d i m e n s i o n a l  s o l u t i o n  t o  
t h e  V lasov  e g u a t i o n  w i th  two s p a c e  and  t h r e e  v e l o c i t y  
d i m e n s i o n s .  F i g u r e s  21 and  22 o f  c h a p t e r  4 show t h e  damping 
o f  a p a r a l l e l  i n i t i a l  e l e c t r o s t a t i c  e l e c t r i c  f i e l d
e q u i v a l e n t  t o  t h e  o n e - d i m e n s i o n a l  c a l c u l a t i o n  shown i n
f i g u r e s  12 and  13 o f  c h a p t e r  3 .  The p e r s p e c t i v e  d raw in g  o f
t h e  d i s t r i b u t i o n  f u n c t i o n  i n  v e l o c i t y  s p a c e  shows t h e  
e x p e c t e d  p l a t e a u  s t r u c t u r e  due t o  t h e  a c c e l e r a t i o n  o f
e l e c t r o n s  w i th  v e l o c i t i e s  j u s t  be low t h e  p h a s e  v e l o c i t y  o f  
t h e  e l e c t r i c  f i e l d .  Ho p i t c h  a n g l e  s c a t t e r i n g  i s  fo und  i n  
t h e  c o n t o u r  p l o t s  t o  t h e  l e f t  o f  f i g u r e  21 b e c a u s e  t h e  
i n i t i a l  e l e c t r o s t a t i c  e l e c t r i c  f i e l d  p r o p a g a t e s  p a r a l l e l  t o  
t h e  m a g n e t i c  f i e l d  and e l e c t r o n  a c c e l e r a t i o n  t a k e s  p l a c e  i n  
t h e  p a r a l l e l  d i r e c t i o n .  F i g u r e  23 shows t h e  damping o f  an 
i n i t i a l  e l e c t r i c  f i e l d  p r o p a g a t i n g  a t  an a n g l e  o f  45° t o  
t h e  m a g n e t i c  f i e l d .  I t  can  be  s ee n  from t h e  c o n t o u r  and
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o n e - d i m e n s i o n a l  p l o t s  i n  f i g u r e  23 t h a t  e x t e n s i v e  p i t c h  
a n g l e  s c a t t e r i n g  o c c u r s  and a p l a t e a u  s t r u c t u r e  i s  fo rm ed  i n  
b o th  t h e  p a r a l l e l  and  p e r p e n d i c u l a r  v e l o c i t y  d i r e c t i o n s  
( e l l i p s e s  drawn on c o n t o u r  p l o t s )  . The f o r m a t i o n  o f  a 
p l a t e a u  i n  t h e  d i s t r i b u t i o n  f u n c t i o n  p e r p e n d i c u l a r  v e l o c i t y  
c u r v e  i s  c a u s e d  by a c c e l e r a t i o n  o f  e l e c t r o n s  by th e  
p e r p e n d i c u l a r  com ponent  o f  t h e  e l e c t r o s t a t i c  e l e c t r i c  f i e l d .  
The r e s u l t  i s  t h e  p i t c h  a n g l e  s c a t t e r i n g  and a c c e l e r a t i o n  o f  
low e n e r g y  e l e c t r o n s  i n t o  t h e  p e r p e n d i c u l a r  p l a t e a u  r e g i o n  
shown i n  f i g u r e  23 .  The p l a t e a u s  fo rmed i n  t h e  p a r a l l e l  
v e l o c i t y  d i r e c t i o n  a l s o  show some p i t c h  a n g l e  s c a t t e r i n g  i n  
t h e  b r o a d  p l a t e a u s  e x t e n d i n g  i n  t h e  p e r p e n d i c u l a r  v e l o c i t y  
d i r e c t i o n  i n d i c a t e d  by t h e  e l l i p s e s  i n  t h e  c o n t o u r  p l o t  o f  
f i g u r e  23.
The i n t r o d u c t i o n  o f  a s ec o n d  s p a c e  d im e n s io n  
p e r p e n d i c u l a r  t o  t h e  m a g n e t i c  f i e l d  d i r e c t i o n  i n  t h e  2 1 / 2  
d i m e n s i o n a l  model o f  c h a p t e r  4 a l l o w s  a c y c l o t r o n  mot ion  o f  
t h e  e l e c t r o n s  a b o u t  t h e  m a g n e t i c  f i e l d  a x i s .  T h i s  
a d d i t i o n a l  o r b i t a l  m o t io n  i s  c a u s e d  by t h e  - e / c  vxB L o r e n t z  
f o r c e  on t h e  e l e c t r o n s  and  g i v e s  r i s e  t o  a d d i t i o n a l  modes o f  
o s c i l l a t i o n  i n  t h e  e l e c t r o s t a t i c  e l e c t r i c  f i e l d .  A l l  
n o n a x i a l  e l e c t r o s t a t i c  e l e c t r i c  f i e l d  o s c i l l a t i o n s  a r e  
d e s c r i b e d  by t h e  d i s p e r s i o n  r e l a t i o n  f o r  B e r n s t e i n  
waves<7 5 >. U n l ik e  p a r a l l e l  p lasm a waves t h a t  o c c u r  a t  a 
s i n g l e  f r e q u e n c y  f o r  a g i v e n  wave number d e t e r m i n e d  from t h e  
d i s p e r s i o n  r e l a t i o n  o f  e q u a t i o n  5 . 1 ,  e l e c t r o s t a t i c  d e n s i t y  
waves p r o p a g a t e  a t  an a n g l e  t o  t h e  m a g n e t i c  f i e l d  and have
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an i n f i n i t e  number o f  f r e q u e n c y  modes o f  p r o p a g a t i o n  w i th  
f r e q u e n c i e s  a p p r o x i m a t e l y  e q u a l  t o  i n t e g e r  m u l t i p l e s  o f  t h e  
e l e c t r o n  c y c l o t r o n  f r e q u e n c y
The 45° Landau damping c a s e  o f  f i g u r e s  23 and 22 
may be  a n a l y z e d  by c o n s i d e r i n g  t h e  p a r a l l e l  and 
p e r p e n d i c u l a r  com ponen ts  o f  t h e  e l e c t r o s t a t i c  e l e c t r i c  f i e l d  
s e p a r a t e l y .  The p a r a l l e l  component g i v e s  r i s e  t o  p a r a l l e l  
Langmuir  waves t h a t  p r o p a g a t e  w i th  f r e q u e n c i e s  d e t e r m i n e d  
from e q u a t i o n  5 .1  and l e a d s  t o  t h e  f o r m a t i o n  o f  a  p l a t e a u  
s t r u c t u r e  i n  t h e  p a r a l l e l  v e l o c i t y  d i r e c t i o n  ( s e e  f i g u r e  
2 3 ) .  I n  g e n e r a l ,  t h e  p e r p e n d i c u l a r  e l e c t r i c  f i e l d  component  
s h o u l d  be d e s c r i b e d  by t h e  d i s p e r s i o n  r e l a t i o n  f o r  B e r n s t e i n  
waves<7 s > s i n c e  t h e  a n a l y s i s  s h o u l d  i n c l u d e  t h e  c y c l o t r o n  
m ot ion  o f  t h e  e l e c t r o n s .  However,  i n  t h e  45 Landau 
damping c a s e  a c t u a l l y  shown i n  f i g u r e  23 ,  t h e  m a g n e t i c  f i e l d  
was t a k e n  t o  be z e r o  and t h e  e l e c t r o n s  d i d  n o t  undergo  
c y c l o t r o n  m o t io n .  The p e r p e n d i c u l a r  e l e c t r o s t a t i c  e l e c t r i c  
f i e l d  i s  p u r e l y  a Langmuir  p lasm a  wave p r o p a g a t i n g  w i th  a 
f r e q u e n c y  g iv e n  by t h e  d i s p e r s i o n  r e l a t i o n  f o r  plasma waves 
( e q u a t i o n  5 . 1 ) .  The m a g n e t i c  f i e l d  was c hosen  t o  be n o n z e r o  
w i th  a c y c l o t r o n  f r e q u e n c y  o f  wc -tIie
beam -background  i n t e r a c t i o n  o f  f i g u r e  24 i n  c h a p t e r  4 ,  so 
t h a t  i n  t h i s  c a s e  t h e  p r o p a g a t i o n  o f  e l e c t r o s t a t i c  waves 
must  be d e s c r i b e d  by t h e  d i s p e r s i o n  r e l a t i o n  f o r  B e r n s t e i n  
waves < 7 5 J .
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5 . 2  Low e n e r g y  E l e c t r o n s  ( 1 0 - 1 , 0 0 0  eV)
High above  t h e  a u r o r a l  i o n o s p h e r e  a t  7 ,0 0 0  t o  
8 ,0 0 0  km s a t e l l i t e  S 3 - 3 <77 7 a > h a s  m easured  m a g n e t i c  f i e l d  
a l i g n e d  f l u x e s  o f  h ig h  e n e r g y  (~16 keV) e l e c t r o n s  t r a v e l i n g  
t h r o u g h  an a p p r o x i m a t e l y  e q u a l '  d e n s i t y  b a c k g ro u n d  o f  70 t o  
1 ,100  eV e l e c t r o n s .  A cco rd ing  t o  t h e  2 1 /2  d i m e n s i o n a l  
r e s u l t s  d e p i c t e d  i n  t h e  p e r s p e c t i v e  p l o t  i n  f i g u r e  2 b and 
t h e  d i s t r i b u t i o n  f u n c t i o n  p l o t s  i n  f i g u r e  25 of  c h a p t e r  b ,  a 
s t r o n g l y  f i e l d  a l i g n e d ,  h ig h  e n e r g y  e l e c t r o n  beam s t r e a m i n g  
p a r a l l e l  t o  t h e  m a g n e t i c  f i e l d  t h r o u g h  a low e n e r g y  e l e c t r o n  
b a c k g ro u n d  g i v e s  r i s e  t o  p a r a l l e l  Langmuir  waves and t h e  
f i l l i n g  i n  o f  t h e  v e l o c i t y  r a n g e  be tween  t h e  beam peak and 
b ack g ro u n d  (marked by a r ro w  ,,2" i n  f i g u r e  2b) . The
i n c r e a s e  i n  low e n e r g y  e l e c t r o n  p o p u l a t i o n  in  t h e  " v a l l e y ” 
r e g i o n  be tw een  beam and b a c k g r o u n d  p e ak s  i s  a c c o m p l i s h e d  by  
t h e  a c c e l e r a t i o n  o f  low e n e r g y  b a c k g ro u n d  e l e c t r o n s  ( n o t e  
d i m i n i s h m e n t  o f  b a ck g r o u n d  peak  i n  f i g u r e  2 b) and a 
d e c e l e r a t i o n  o f  h i g h  e n e r g y  beam e l e c t r o n s  a s  t h e y  g i v e  up 
e n e r g y  t o  t h e  e l e c t r o s t a t i c  f i e l d .
The i n c r e a s e  i n  low e n e r g y  e l e c t r o n  p o p u l a t i o n  i n  
t h e  " v a l l e y "  r e g i o n  o f  t h e  2 1 / 2  d i m e n s i o n a l  model due t o  
t h e  d e c e l e r a t i o n  o f  beam e l e c t r o n s  i s  s i m i l a r  t o  t h e  
i n c r e a s e  i n  e l e c t r o n  p o p u l a t i o n  o b s e r v e d  i n  t h e  one 
d i m e n s i o n a l  c a l c u l a t i o n s  made f o r  t h e  sy m m etr ic  two s t r e a m  
i n s t a b i l i t y  shown i n  f i g u r e  1b o f  c h a p t e r  3 .  The c o l l i d i n g  
e l e c t r o n  beams g e n e r a t e  g row ing  e l e c t r o s t a t i c  waves w i t h
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p h a s e  v e l o c i t i e s  j u s t  below t h e  beam p e ak s  t h a t  g a i n  e n e r g y
from beam e l e c t r o n s  d e c e l e r a t i n g  them t o  l o w e r  v e l o c i t y  and
i n c r e a s i n g  t h e  low e n e r g y  e l e c t r o n  p o p u l a t i o n .  F i g u r e  15a
shows t h e  one  d i m e n s i o n a l  i n t e r a c t i o n  be tw een  a  M axw el l ian
e l e c t r o n  beam o f  1 /3  t h e  b a ck g r o u n d  d e n s i t y .  The
d e c e l e r a t i o n  o f  beam e l e c t r o n s  due  t o  t h e  e l e c t r i c  f i e l d
g ro w th  shown i n  f i g u r e  16a u l t i m a t e l y  r e s u l t s  i n  t h e
c o m p l e t e  d i s s i p a t i o n  o f  t h e  o n e - d i m e n s i o n a l  beam and an
i n c r e a s e  i n  e l e c t r o n  p o p u l a t i o n  i n  t h e  • ' v a l l e y '1 r e g i o n .
E l e c t r o s t a t i c  f i e l d  com ponen ts  w i th  p h a se  v e l o c i t i e s  j u s t
below t h e  beam p e ak  (E  ^ and E^  i n  f i g u r e  16a) g a i n  e n e r g y
from beam e l e c t r o n s .  S m a l l e r  w a v e le n g th  e l e c t r i c  f i e l d
com ponen ts  w i th  phase  v e l o c i t i e s  i n  t h e  e l e c t r o n  b ack g ro u n d
v e l o c i t y  r a n g e  (E,. and E_ i n  f i g u r e  16a) grow byb /
p a r a m e t r i c  c o u p l i n g  w i t h  t h e  i n i t i a l  h ig h  p h a se  v e l o c i t y  
wave*63 6 5 > o r  some o t h e r  w a v e - p a r t i c l e  i n t e r a c t i o n  and 
a c c e l e r a t e  low e n e r g y  e l e c t r o n  b ack g ro u n d  e l e c t r o n s  t o
h i g h e r  v e l o c i t i e s .  The n e t  r e s u l t  i s  t h e  i n c r e a s e  i n  
e l e c t r o n  p o p u l a t i o n  i n  t h e  i n t e r m e d i a t e  v e l o c i t y  " v a l l e y "  
r e g i o n s  shown i n  f i g u r e s  14,  15 and 24 .
The i n c r e a s e  i n  low e n e r g y  e l e c t r o n  p o p u l a t i o n  i n  
t h e  " v a l l e y "  r e g i o n  o v e r  t h e  number e x p e c t e d * 8 5 63  6S> from 
s e c o n d a r y  e l e c t r o n s  p roduced  by t h e  i o n i z a t i o n  o f  n i t r o g e n  
and  oxygen i n  t h e  i o n o s p h e r e  may be  due t o  t h e  p r o d u c t i o n  o f  
Langm uir  waves t h r o u g h  a beam -background  i n t e r a c t i o n  t h a t  
d e c e l e r a t e s  beam e l e c t r o n s  and i n c r e a s e s  t h e  e n e r g y  o f  low 
e n e r g y  b ack g ro u n d  e l e c t r o n s .  The p r o d u c t i o n  o f  p a r a l l e l
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Langmuir  waves and  t h e  i n c r e a s e  i n  " v a l l e y ” e l e c t r o n  
p o p u l a t i o n  a t  h i g h  a l t i t u d e s  ( 7 , 0 0 0 - 8 , 0 0 0 ) ,  where  s t r o n g l y  
a n i s o t r o p i c  beam e l e c t r o n  d i s t r i b u t i o n s  and e q u a l  d e n s i t y  
b a ck g r o u n d s  have  been  m e a s u re d * 77  78> f o l l o w s  from t h e  
a p p l i c a t i o n  o f  t h e  one o r  2 1 /2  d i m e n s i o n a l  V la so v  t h e o r y  
( f i g u r e s  14,  15 and  24) . However,  a t  l o w e r  r o c k e t  a l t i t u d e s  
(200  km) t y p i c a l  e l e c t r o n  d i s t r i b u t i o n s  m easu red  o v e r  
s e v e r a l  s eco n d  t im e  i n t e r v a l s  such  a s  t h e  one  shown i n  
f i g u r e  8 a r e  i s o t r o p i c  and s t a b l e  t o  p a r a l l e l  Langmuir  
waves**4 *. S h o r t  " b u r s t s ” o f  l e s s  t h a n  one  s eco n d  d u r a t i o n  
o f  a n i s o t r o p i c  s t r o n g l y  f i e l d  a l i g n e d  h ig h  e n e r g y  e l e c t r o n s  
have  o c c a s i o n a l l y  been  measured  a t  r o c k e t  a l t i t u d e * 52 53  16> 
a n d ,  t h e s e  c a n  be e x p e c t e d  t o  l e a d  t o  t h e  g ro w th  o f  p a r a l l e l  
e l e c t r o s t a t i c  waves and a f i l l i n g  i n  o f  t h e  i n t e r m e d i a t e  
" v a l l e y "  r e g i o n  i n  p a r a l l e l  v e l o c i t y  s p a c e .  The i n c r e a s e  i n  
e l e c t r o n  p o p u l a t i o n  i n  t h e  " v a l l e y "  r e g i o n  i n  p a r a l l e l  
v e l o c i t y  s p a c e  i s  t h e n  p re s u m ab ly  s p r e a d  t o  o t h e r  
n o n p a r a l l e l  v e l o c i t i e s  t o  g i v e  an i s o t r o p i c  low e n e r g y  
b ack g ro u n d  by some mechanism l e a d i n g  t o  p i t c h  a n g l e  
s c a t t e r i n g  such  a s  i o n o s p h e r i c  c o l l i s i o n s  o r  m a g n e t i c  f i e l d  
m i r r o r i n g .
F i g u r e  18 o f  c h a p t e r  3 shows t h e  s i m u l a t i o n  o f  t h e
i n t e r a c t i o n  be tw een  an a n i s o t r o p i c  e l e c t r o n  beam " b u r s t "  i n
t h e  fo rm  o f  an  a c c e l e r a t e d  M axw el l ian  t r a v e l i n g  a lo n g  t h e
m a g n e t i c  f i e l d  l i n e  w i t h  a b a c k g ro u n d  i o n o s p h e r e  o f  10 eV a t
r o c k e t  a l t i t u d e s .  B ecause  o f  t h e  l o n g  growth  t im e  i n  p lasm a
p e r i o d s  e x p e c t e d  f o r  p a r a l l e l  p la sm a  waves (~5,000<jj - 1 ) f o r
P
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t h e  beam t o  back g ro u n d  d e n s i t y  r a t i o  o f  10 c h o se n  i n
f i g u r e  18,  a h ig h  i n i t i a l  e l e c t r i c  f i e l d  e n e r g y  of  . 1 2 5  kT
w ith  a p h a s e  v e l o c i t y  e q u a l  t o  t h e  beam peak  v e l o c i t y  o f  
20  /kT/m i s  used t o  s t a r t  t h e  d i s t r i b u t i o n  f u n c t i o n  t i m e  
e v o l u t i o n  a t  t = 0 .  The o n e - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  
i s  e x p e c t e d  t o  e v o l v e  t o  a s t a b l e  monotone d e c r e a s i n g  form 
in  which t h e  h i g h  e n e r g y  beam i s  d i s s i p a t e d  by a b s o r p t i o n  
i n t o  t h e  b a ckg round  ( s e e  f i g u r e  15a) o v e r  a p e r i o d  o f
s e v e r a l  t h o u s a n d  plasma p e r i o d s  ( s e e  t a b l e  5 ) .  The t= 1 5 0  
c u r v e  o f  f i g u r e  18 shows t h e  o n e - d i m e n s i o n a l  d i s t r i b u t i o n  
f u n c t i o n  a f t e r  150 p la sm a  p e r i o d s  o f  e v o l u t i o n .  The
i n c r e a s e  i n  e l e c t r o n  p o p u l a t i o n  i n  t h e  ',v a l l e y ,, r e g i o n  can 
be s e e n  i n  t h e  s p i k e d  s t r u c t u r e  i n  t h e  n e g a t i v e  p a r a l l e l  
v e l o c i t y  r a n g e ,  fi g r e a t e r  number o f  s p a t i a l  g r i d  p o i n t s  and 
e l e c t r i c  f i e l d  com ponen t s  may l e a d  t o  t h e  smooth  c u r v e  
(shown i n  t h e  p o s i t i v e  v e l o c i t y  r e g i o n  of  t h e  t= 1 5 0  c u r v e  o f  
f i g u r e  18) drawn by c o n n e c t i n g  t h e  p e ak s  (open c i r c l e s )  i n  
t h e  " v a l l e y "  v e l o c i t y  r a n g e .  I t  can  be s e e n  t h a t  a d e f i n i t e  
" v a l l e y "  r e g i o n  p o p u l a t i o n  r e g i o n  i n c r e a s e  h a s  o c c u r e d  by 
c o m p ar i so n  o f  t h e  s o l i d  V la so v  e q u a t i o n  e v o l v e d  c u r v e  w i th  
t h e  d a sh e d  c u r v e  showing t h e  i n i t i a l  d i s t r i b u t i o n  f u n c t i o n .
fin e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  c a l c u l a t e d  from 
t h e  r o c k e t  f l u x  d a t a  shown i n  f i g u r e  2 a s su m in g  an  i o s t r o p i c  
d i s t r i b u t i o n  i s  shown by t h e  a l t e r n a t e l y  d a sh e d  and d o t t e d  
c u r v e  i n  f i g u r e  18,  t= 1 5 0 .  The v a l u e  v2 f ( v , x )  f o r  t h e
m easured  d i s t r i b u t i o n  f u n c t i o n  i s  p l o t t e d  b e c a u s e  f o r  t h e  
s p h e r i c a l  v e l o c i t y  c o o r d i n a t e s  u s e d ,  t h e  a r e a  u nde r  t h i s
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c u r v e  i s  e q u a l  t o  t h e  e l e c t r o n  d e n s i t y .  T h e r e f o r e ,  t h e  
e l e c t r o n  d e n s i t y  o v e r  a v e l o c i t y  r a n g e  i n  f i g u r e  18 i s  g i v e n  
by t h e  i n t e g r a l  o f  v 2 f ( v , x )  i n  v f o r  t h e  m easu red  
d i s t r i b u t i o n  f u n c t i o n  and  t h e  i n t e g r a l  of  F ( v ) / L  f o r  t h e  
e v o lv e d  d i s t r i b u t i o n  f u n c t i o n  ( n o r m a l i z e d  t o  one e l e c t r o n  
p e r  cube  o f  s i d e  e q u a l  t o  one Debye l e n g t h  -  s e e  Appendix  
B ) . The measured  d i s t r i b u t i o n  f u n c t i o n  i n  t h e  t= 1 5 0  c u r v e  
o f  f i g u r e  18 shows a s m a l l e r  s l o p e  m a g n i tu d e  i n  t h e  " v a l l e y "  
r e g i o n  t h a n  t h e  i n i t i a l  ( d a s h ed  l i n e )  o r  t=150  ( s o l i d  l i n e )  
d i s t r i b u t i o n  f u n c t i o n s .  However,  t h e  t= 1 5 0  e v o lv e d  
d i s t r i b u t i o n  f u n c t i o n  shows a s h a r p  r e d u c t i o n  i n  s l o p e  
m a g n i tu d e  i n  t h e  10 t o  180 eV r a n g e  compared  w i th  t h e  
i n i t i a l  d i s t r i b u t i o n  f u n c t i o n .  The i n c r e a s e  i n  " v a l l e y "  
e l e c t r o n  p o p u l a t i o n  may l e a d  t o  ev en  s m a l l e r  s l o p e  
m a g n i tu d e s  a s  t h e  d i s t r i b u t i o n  f u n c t i o n  c o n t i n u e s  t o  e v o l v e .
An i n c r e a s e  i n  " v a l l e y "  e l e c t r o n  p o p u l a t i o n  h a s  been  
d e m o n s t r a t e d  f o r  s t r o n g l y  a n i s o t r o p i c  e l e c t r o n  beams 
i n c i d e n t  on a M ax w e l l ian  low e n e r g y  b ackg round  i n  f i g u r e s  
14 ,  15,  18,  24 and 25 .  A n i s o t r o p i c  beams t y p i c a l  o f  h ig h
a l t i t u d e  ( 7 , 0 0 0 - 8 , 0 0 0  km) m e a s u r e m e n t s * 77 7 8 > and o c c a s i o n a l  
r o c k e t  a l t i t u d e  (200  km) e l e c t r o n  beam " b u r s t s " * 52 53 16> 
have  been r e p o r t e d .  However,  an  i n c r e a s e  i n  e l e c t r o n  
p o p u l a t i o n  i n  t h e  " v a l l e y "  v e l o c i t y  r a n g e  f o r  t h e  t y p i c a l  
i s o t r o p i c  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  m easured  a t  low 
a l t i t u d e  ( s e e  f i g u r e  8 ) by t h e  c o l l i s i o n l e s s  V la so v  
i n s t a b i l i t y  mechanism u s e d  h e r e  r e q u i r e s  a s t r o n g l y  
a n i s o t r o p i c  beam t h a t  g i v e s  a  two p eak ed  s t r u c t u r e  i n  t h e
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o n e - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  F (vu ) *  i s
p o s s i b l e  t h a t  s t r o n g l y  a n i s o t r o p i c  e l e c t r o n  beam p e a k s  i n  
t h e  p a r a l l e l  v e l o c i t y  d i r e c t i o n  do o c c u r  on a time- s c a l e  
s h o r t  by c o m p a r i so n  w i th  t h e  t i m e  p e r i o d  o f  s e v e r a l  s e c o n d s  
r e q u i r e d  t o  c o l l e c t  t h e  d a t a  needed  f o r  t h e  c o n s t r u c t i o n  o f  
a t w o - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  such  a s  t h e  one 
shown i n  f i g u r e  8 . S h o r t  l i v e d  a n i s o t r o p i c  p eak s  may g i v e  
r i s e  t o  g rowing e l e c t r o s t a t i c  waves and an i n c r e a s e  i n  low 
e n e r g y  " v a l l e y "  e l e c t r o n  p o p u l a t i o n  a cc o m p a n ied  by a 
d im in i s h m e n t  o f  t h e  peak  t o  form a p l a t e a u  s t r u c t u r e  shuch  
a s  t h e  one shown i n  f i g u r e s  8 and 2 4 .  T a b le  5 shows t h a t  
e l e c t r i c  f i e l d  i n s t a b i l i t y  g ro w th  a t  r o c k e t  a l t i t u d e s  where  
t h e  beam t o  back g ro u n d  d e n s i t y  r a t i o  i s  a b o u t  10- 5  r e q u i r e s  
a t i m e  p e r i o d  on t h e  o r d e r  o f  . 1  msec t o  grow t o  maximum 
a m p l i t u d e .  T h e r e f o r e ,  p e a k s  i n  t h e  o n e - d i m e n s i o n a l  
d i s t r i b u t i o n  f u n c t i o n  d i s s i p a t e  t h e m s e l v e s  and  s t r o n g  
a n i s o t r o p i e s  i n  t h e  t w o - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  
a r e  removed by g i v i n g  up e n e r g y  t o  an e l e c t r o s t a t i c  p lasma 
wave ( see  f i g u r e  15a) w e l l  w i t h i n  t h e  t im e  r e q u i r e d  f o r  d a t a  
c o l l e c t i o n  ( s e v e r a l  s e c o n d s ) .  The p e r i o d i c  a p p e a r a n c e  and 
d i s a p p e a r a n c e  o f  s t r o n g l y  a n i s o t r o p i c  e l e c t r o n  beam p e ak s  
a lo n g  t h e  m a g n e t i c  f i e l d  l i n e  r e q u i r e s  a c o n t i n u o u s  
a c c e l e r a t i o n  p r o c e s s  a c t i v e  t h r o u g h o u t  t h e  a u r o r a l  
i o n o s p h e r e .  Such a c c e l e r a t i o n  mechanisms a r e  c u r r e n t l y  t h e  
s u b j e c t  o f  a c t i v e  s p e c u l a t i o n  and r e s e a r c h . < 13  16 ** 1 7 >
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5.3 Acceleration Mechanism
F i g u r e s  14 ,  15,  24 and 25 show t h a t  f o r  beam t o  
b ack g ro u n d  d e n s i t y  r a t i o s  on t h e  o r d e r  o f  one t h e  u n s t a b l e  
d o u b le  peak s t r u c t u r e  o f  t h e  a n i s o t r o p i c  beam -background  
i n t e r a c t i o n  i s  removed w i t h i n  30 p lasma p e r i o d s  ( - 1 ) o f  
e v o l u t i o n .  T h i s  c o r r e s p o n d s  t o  a t i m e  p e r i o d  o f  ~ .1msec  f o r  
a beam d e n s i t y  o f  1 cm- 3  ( t a b l e  5) and a d i s t a n c e  o f  - 1 0  km 
f o r  a 2 keV beam. Lower d e n s i t y  r a t i o  i n t e r a c t i o n s  r e q u i r e  
s e v e r a l  t h o u s a n d  p lasm a  p e r i o d s  f o r  t h e  r e m o v a l  o f  u n s t a b l e  
f e a t u r e s .  However,  f o r  1 cm- 3  beam e l e c t r o n  d e n s i t i e s ,  t h e  
t i m e  r e q u i r e d  f o r  t h e  g row th  o f  p a r a l l e l  Langmuir  waves i s  
s t i l l  l e s s  t h a n  1 msec b e c a u s e  t h e  p lasm a  p e r i o d  ( u, ) 
d e c r e a s e s  w i th  i n c r e a s i n g  b ack g ro u n d  d e n s i t y  ( s e e  t a b l e  5 ) .  
T h e r e f o r e ,  i t  can  be  c o n c lu d e d  t h a t  a n i s o t r o p i c  beam p eak s  
i n  t h e  one d i m e n s i o n a l  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  a l o n g  
t h e  m a g n e t i c  f i e l d  l i n e  a r e  d i s s i p a t e d  by g i v i n g  up e l e c t r o n  
k i n e t i c  e n e r g y  t o  t h e  g row th  o f  p a r a l l e l  e l e c t r o s t a t i c  
p lasm a  waves w i t h i n  m i l l i s e c o n d s  o f  f o r m a t i o n .  The d i s t a n c e  
t r a v e l l e d  by a 2 keV a n i s o t r o p i c  beam t h r o u g h  a background  
b e f o r e  r e m o v a l  o f  t h e  d o u b le  peaked  s t r u c t u r e  i n  t h e  one 
d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  r a n g e s  from 3 . 2  t o  97 km 
d e p e n d in g  on t h e  beam t o  b a c k g ro u n d  e l e c t r o n  d e n s i t y  r a t i o  
( s e e  t a b l e  5 ) .
The t w o - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  f ( v ^  , Vj_ ) 
may r e t a i n  some peaked s t r u c t u r e  a l o n g  t h e  f i e l d  l i n e  
( f i g u r e  24) even  a f t e r  t h e  e v o l u t i o n  t o  a monotone
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d e c r e a s i n g  o n e - d i m e n s i o n a l  i n t e g r a t e d  d i s t r i b u t i o n  f u n c t i o n  
F ( v J( ) ( f i g u r e  2 5 ) .  T h i s  i s  b e c a u s e  t h e  i n t e g r a l  o f  
v. f  (v„ ,v ,  ) o v e r  v, may remove a p eak ed  s t r u c t u r e  i n  t h e
•/ JU
t w o - d i m e n s i o n a l  d i s t r i b u t i o n  f u n c t i o n  f ( v  ,  v ) .  T h i s  i sII -I*
t h e  c a s e  i n  t h e  2 1 / 2  d i m e n s i o n a l  e v o l u t i o n  shown i n  f i g u r e s  
24 and  25 and i n  t h e  measured  d i s t r i b u t i o n  shown i n  f i g u r e  
8 **4 >. A c c o rd in g  t o  M izera  and F e n n e l l * 7 8 * and Sha rp  e t .  
a l . < 7 7 >, t h e  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n s  m easured  a t  
7 , 0 0 0 - 8 , 0 0 0  km by s a t e l l i t e  S3-3 show a s t r o n g  p e a k in g  i n  
t h e  p a r a l l e l  d i r e c t i o n  i n d i c a t i v e  o f  a f i e l d  a l i g n e d  
a c c e l e r a t i o n  r e g i o n .  I f  t h i s  p e a k in g  i s  s t r o n g  enough t o  
g i v e  a two p eaked  s t r u c t u r e  i n  t h e  one d i m e n s i o n a l  
d i s t r i b u t i o n  f u n c t i o n ,  t h e n  t h e  g row th  o f  p a r a l l e l  
e l e c t r o s t a t i c  waves can  be e x p e c t e d .  I f  t h e  a c c l e r e a t i o n  
r e g i o n  were o f  l i m i t e d  e x t e n t ,  c o n f i n e d  t o  an a l t i t u d e  ra n g e  
o f  a few k i l o m e t e r s ,  t h e n  s t r o n g  p e a k in g  i n  t h e  p a r a l l e l  
v e l o c i t y  d i r e c t i o n  would  be  removed w i t h i n  m i l l i s e c o n d s  
t h r o u g h  t h e  V la so v  i n s t a b i l i t y  mechanism. A 2 keV beam 
t r a v e l l i n g  t h r o u g h  an e q u a l  d e n s i t y  b ack g ro u n d  would 
d i s s i p a t e  i t s  u n s t a b l e  o n e - d i m e n s i o n a l  two peak f e a t u r e  
d e r i v e d  from a s t r o n g l y  a n i s o t r o p i c ,  t w o - d i m e n s i o n a l  
d i s t r i b u t i o n  f u n c t i o n  w i t h i n  15 km o f  t r a v e l .  However,  a 
s t r o n g l y  a n i s o t r o p i c  p a r a l l e l  p e a k in g  in  t h e  e l e c t r o n  
d i s t r i b u t i o n  f u n c t i o n  i s  r e p o r t e d * 77 7B> i n  t h e  S3-3  d a t a  
o v e r  a 1 ,0 0 0  km r a n g e .  T h e r e f o r e ,  i t .  i s  s u g g e s t e d  t h a t  t h e  
a u r o r a l  e l e c t r o n  a c c e l e r a t i o n  p r o c e s s  i s  a c o n t i n u o u s  
p r o c e s s  and  e x t e n d s  o v e r  a t  l e a s t  1 , 0 0 0  km.
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The h i g h e r  t h a n  e x p e c t e d  e l e c t r o n  p o p u l a t i o n  in  t h e  
• • v a l l e y 11 r e g i o n  be tw een  beam -peak  and  i o n o s p h e r e  b ackg round  
a t  r o c k e t  a l t i t u d e s  (200  km) and  t h e  s m a l l  s l o p e  m agn i tude  
when com pared  w i t h  a t m o s p h e r i c  s c a t t e r i n g  c a l c u l a t i o n s * * )  
( s e e  f i g u r e  3) i n d i c a t e s  t h a t  c o l l i s i o n l e s s  p r o c e s s e s  may be 
i m p o r t a n t .  The c a l c u l a t i o n s  shown i n  f i g u r e s  15,  18 and  24 
i n d i c a t e  t h a t  p a r a l l e l  p la sm a  wave p r o d u c t i o n  on a 
m i l l i s e c o n d  t im e  s c a l e  may a c c o u n t  f o r  an i n c r e a s e  i n  
" v a l l e y 11 e l e c t r o n  p o p u l a t i o n  a t  r o c k e t  a l t i t u d e s .  However,  
t h i s  r e q u i r e s  a c o n t i n u o u s  a c c e l e r a t i o n  r e g i o n  e x t e n d i n g  
from s a t e l l i t e  t o  r o c k e t  a l t i t u d e s  i n  o r d e r  t o  m a i n t a i n  t h e  
g ro w th  o f  p a r a l l e l  p la sm a  waves ,  s i n c e  t h e  u n s t a b l e  two 
peak ed  s t r u c t u r e  i n  t h e  o n e - d i m e n s i o n a l  d i s t r i b u t i o n  
f u n c t i o n  c a n  be  e x p e c t e d  t o  d i s s i p a t e  w i t h i n  3 t o  100 km o f  
t r a v e l  f o r  a t y p i c a l  2 keV a u r o r a l  e l e c t r o n  beam.
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APPENDIX A
PARTICLE DENSITY AND DISTRIBUTION 
DISTRIBUTION FROM FLUX
F i g u r e  A-1 shows a p a r t i c l e  d e t e c t o r  a p e r a t u r e  o f  
a r e a  dA and a s o u r c e  o f  p a r t i c l e s  i n  volume dV. The s o u r c e  
volume i s  a d i s t a n c e  r  from t h e  a p e r a t u r e  and  s u b t e n d s  a 
s o l i d  a n g l e  dn a t  t h e  d e t e c t o r .  The p a r t i c l e  f l u x  t h r o u g h  
t h e  d e t e c t o r  a p e r a t u r e  4^ r 2 i s  g iv e n  by
§  (electrons/cm ^-sec-sr-ev) = ; dA c o s ' e i d t V  dn (A- ’ )
where dN" dV i s  t h e  number o f  p a r t i c l e s  i n  volume dV t h a t
e n t e r  t h e  d e t e c t o r  and dA c o s ( e )  i s  t h e  a r e a  o f  t h e
d e t e c t o r  no rm a l  t o  t h e  p a r t i c l e  f l u x  from dV. P a r t i c l e s  
e n t e r i n g  t h e  d e t e c t o r  d u r i n g  a  t i m e  i n t e r v a l  d t  w i t h  a 
v e l o c i t y  v d i r e c t e d  to w a r d  t h e  d e t e c t o r  and  p a s s i n g  t h r o u g h




dV = vr dfi d t (A—2 )
T h e r e f o r e ,  t h e  f l u x  i s
dJ _ dN1 r  v 
dE (dA cos 0 ) dE ( A - 3 )
The number o f  p a r t i c l e s  p e r  u n i t  volume t h a t  c o n t r i b u t e  t o  
t h e  f l u x  t h r o u g h  t h e  d e t e c t o r  from dV i s
dK. c  (<M c o s _ e )  d J  t - (A. 4 )
/  dt S2E/m
where v= t£E/m h a s  been u s e d ,  and  t h e  q u a n t i t y  dA c o s (  e ) / r 2 
i s  t h e  s o l i d  a n g l e  s u b t e n d e d  by t h e  d e t e c t o r  (dn •) a t  t h e  
s o u r c e  volume. I f  t h e  d e t e c t o r  c o v e r e d  an e n t i r e  s p h e r e  
e n c l o s i n g  volume dV a t  a  d i s t a n c e  r ,  t h e n  a l l  t h e  p a r t i c l e s  
l e a v i n g  dV would be d e t e c t e d .  T h e r e f o r e ,  t h e  t o t a l  number 
of  p a r t i c l e s  p e r  u n i t  volume i n  t h e  e n e r g y  r a n g e  dE 
e m an a t in g  from dV i s
148
dN = vW2 f  1/^E #  dE dn'  = #  dE , (A-5)
■* sphere
where an  i s o t r o p i c  f l u x  h a s  been  a ssu m ed .  The number o f  
p a r t i c l e s  p e r  u n i t  volume o v e r  a l l  e n e r g i e s  i s
N ( c n f 3 ) = 4 v W 2  1/v/E ^  dE
= 2.119 x 10-7
0
#  (#/cm2-se o sr -e v ) .  (A-6)
/ E ( e v T
The e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  i n  s p h e r i c a l  
c o o r d i n a t e s  f(v,e,<j)) can be r e l a t e d  t o  t h e  f l u x  by w r i t i n g  
t h e  number o f  e l e c t r o n s  i n  t h e  s o u r c e  volume dH* p e r  u n i t  
volume t h a t  p a s s  t h r o u g h  t h e  d e t e c t o r  a p e r a t u r e  d u r i n g  a 
t i m e  i n t e r v a l  d t  as
149
dN' = (f(v,e,<j>)v2dftv)(dA cos e/4nr2)(v dt r2 dn) , (A-7)
electron fraction emitted source
density from source volume volume
that enter aperature
where dny = s i n ( e )  ded<{> i s  t h e  s o l i d  a n g l e  i n  v e l o c i t y  s p a c e .  
The f l u x  i s
(fv2dv dny)(dA cos 6/4irr2)(v dt r2 dn) 
dE (dA cos e) dt dE dn
v f ( v ,e ,4>) dv dn, 
471E V (A-8)
from e q u a t i o n s  A-1 and A-7 .  F o r  an i s o t r o p i c  f l u x
f(v) = f(v,e,<j>) dn = 4ir f(v) , (A-9)
■* sphere
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and u s i n g  v= /2E/m , t h e  i s o t r o p i c  f l u x  i n t e g r a t e d  o v e r  a l l  
s o l i d  a n g l e s  i n  v e l o c i t y  s p a c e  i s
dJ _ /.. 2En 4 i r f ( v )  (dE/mv) 
dE " m; 4ir dE
• (A-io)
m
The r e l a t i o n  be tw een  t h e  d i s t r i b u t i o n  f u n c t i o n  i n  
c y l i n d r i c a l  c o o r d i n a t e s  f  (v(/ , v x ,  <j, ) and  t h e  d e t e c t o r  
e l e c t r o n  i s  o b t a i n e d  by w r i t i n g  t h e  e l e c t r o n  d e n s i t y  i n  
e q u a t i o n  A-7 a s
dN = f(v„, v , (j)) y  dij) dv„ dv (A-l 1)
so  t h a t  t h e  f l u x  becomes
/v? + y} f ( v „ ,  , <j>)
d J (v „ ,  vL , <j>) = --------------^ ---------------------- vx  d4» dv„ dv , (A-l2)
where e q u a t i o n s  A-7 ,  A-1 and v= /vfJ 2 have  been  u s ed
151
Note  t h a t  t h e  u n i t s  o f  d i f f e r e n t i a l  f l u x  dJ a r e  
e l e c t r o n s / c m 2- s r - s e c  i n  c g s  u n i t s  s i n c e  no  d i v i s i o n  by t h e  
e n e r g y  r a n g e  dE h a s  been  made. I f  t h e  m a g n e t i c  f i e l d  
d i r e c t i o n  w i t h  r e s p e c t  t o  a n a l y z e r  a c c e p t a n c e  a n g l e  i s  
m easu red  by o n b o a r d  m a g n e t o m e te r s ,  t h e  d i f f e r e n t i a l  f l u x  a s  
a f u n c t i o n  o f  p i t c h  a n g l e  can  be d e t e r m i n e d  and t h e  
d i s t r i b u t i o n  f u n c t i o n  c a l c u l a t e d  from
f(V ii = v cos a ,  Vj_ = v sin a)dv„ dv^ = £ ■[ U - dJ(E,a) , (A-l3)
where a  i s  t h e  p i t c h  a n g l e  ( a n g l e  between e l e c t r o n  v e l o c i t y  
and  m a g n e t i c  f i e l d ) ,  E i s  d e t e r m i n e d  from t h e  e l e c t r o s t a t i c  
a n a l y z e r  e n e r g y  v a l u e  a t  t h e  t i m e  t h e  m ag ne tom ete r  d a t a  
i n d i c a t e s  a p i t c h  a n g l e  of  a f o r  e l e c t r o n s  e n t e r i n g  t h e  
a n a l y z e r  d e t e c t o r  and i s o t r o p y  a b o u t  t h e  f i e l d  l i n e  ( In  $ ) 
h a s  been  a ssum ed.
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APPENDIX B
THE DIMENSION!.ESS VLASOV EQUATION
IN 2 1 /2  DIMENSIONS
B.1 D i m e n s i o n l e s s  form
P o i s s o n ’ s  e q u a t i o n
3Ex 8Ev_ _  + = 4irne( . l f  d3v)
can be c o n v e r t e d  i n t o  a d i m e n s i o n l e s s  form bj 
m u l t i p l y i n g  b o t h  s i d e s  by  e/m t o  g e t
2Q 3EV 3E — (— £  + _ £ )  = u (1 
m X3x 3y '  p
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f  d^v)
( B - l )
f i r s t
( B - 2 )
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where <Dp i s  t h e  e l e c t r o n  p lasm a  f r e q u e n c y .  The l e n g t h  
v a r i a b l e s  (x and  y) must be  w r i t t e n  i n  u n i t s  o f  t h e  Debye 
l e n g t h  so t h a t  e q u a t i o n  B-2 becomes 
3E.. i 9E.e 1 ,1 a T  + l r # >  = 1 -  J  f  d 3?m  2  A n  o a  A no,p D D
2 2 Wp = 4irne /m
Ap = kT/4irne^
x 1 = x /x D
y '  = y / A D , (B -3 )
where x '  and  y« a r e  t h e  new d i m e n s i o n l e s s  s p a c e  v a r i b l e s .
The s u b s t i t u t i o n  o f
E' = ----------- 2 E (B -4 )
m XDo)D
i n t o  B-3 g i v e s  t h e  d i m e n s i o n l e s s  f o r m a t  P o i s s o n ' s  e q u a t i o n  
3E'„ 3E',x + _ZJL = i _ 
3x 3y' 1 f  d3v . (B-5)
The V la so v  e q u a t i o n  i s  t r a n s f o r m e d  t o  d i m e n s i o n l e s s  
form by w r i t i n g  t h e  t i m e  and s p a c e  v a r i a b l e  i n  u n i t s  o f  
ojp ~ l  and  Ap r e s p e c t i v e l y .  W r i t i n g  t h e  new v a r i a b l e s  w i th
a p r im e  s u p e r s c r i p t ,  and n o t i n g  t h a t  t h e  new d i m e n s i o n l e s s  
v e l o c i t y  i s  e q u a l  t o  t h e  v e l o c i t y  d i v i d e d  by t h e  t h e r m a l  
v e l o c i t y  v t f1=ADa)p * g i v e s
- V  a -  v > *
tup D D p
-  (v ‘ x^c ) • Vv , f  = 0 , (B-6)
where luc =e§/mc i s  t h e  e l e c t r o n  c y c l o t r o n  f r e q u e n c y .  
R e a r r a n g i n g  t e r m s  g i v e s
j £  + v 1 • P f  -  (£ ' + v' x uc ' )  • $y , f  = 0 , (B-7)
where  wc * i s  i n  u n i t s  o f  <Dp and  e q u a t i o n  B-4 has  been u s e d .  
D ropp ing  t h e  p r im e s  i n  e q u a t i o n  B-7 and  B-5 g i v e s  t h e  f i n a l  
form o f  t h e  d i m e n s i o n l e s s  V la so v  and  P o i s s o n  e q u a t i o n  s y s te m
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B .2 I d e n t i t i e s
The f o l l o w i n g  i d e n t i t i e s  were  d e t e r m i n e d  u s ing  t h e  
c o o r d i n a t e  s y s t e m  shown i n  F i g u r e  B-1 .  They assume a 
s p a t i a l  d e p en d e n c e  on x and y o n l y .
= i af + 3 i f
3x 3y
a  f  3f . *. i 3f
v ” x ' 8V» Vx
* 3f , : 3f , :  3f
" 9V„ 3VX eyx  3yx
■ A A
t  -  EX1 + Eyj
v = v„ + v + vw = v„ + v. (B-9)
x y.
The p a r t i a l  d e r i v a t i v e  r e l a t i o n s  
3Vj-^ -  = cos cf,
X
3VX
g—  = s in  (j. (B-10)
y  ,
can  be  e s t a b l i s h e d  from t h e  d e f i n i t i o n s
vx = Vx  cos 4> Vy = Vx s in  <(> v^2 = vx2 + vy 2 (B-11)
by i m p l i c i t y  d i f f e r e n t i a t i o n  o f  t h e  e x p r e s s i o n  f o r  v 2
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2 vx  dvx
dv.
= 2 v dv + 2 v dv vx uvx ‘  yx  yx
V V
— dv.. + dv
vx Xt
dv, = cos ijj dv + s in  <f)dv„ 
x &
( B- 1 2 )
and the  expression fo r  the to t a l  d e r iv a t iv e  o f  v ( v v, v jx  x y ,
ay, ay,
dv. = —  dvv + —  dv„ (B-13)
Xl
i  avx vx avy yx
Equating the  f in a l  form of equation B-12 to  equation B-13 y ie ld s  
the p a r t i a l  d e r iv a t iv e  r e la t io n s  in  equation B-10. By a s im i la r ,  
but more d i f f i c u l t  sequence o f  m anipu la tions , the  d e f in i t io n
tan <p = v /v  (B-14)
yj . x
can be im p l ic i t ly  d i f f e r e n t i a t e d  and equated to  an expression  fo r  
the t o t a l  d e r iv a t iv e  of tf> in terms o f  a<j>/av and a<f>/av 
to  give
3j> _ COS ji
av





The i d e n t i t i e s  o f  s e c t i o n  3 .2  a r e  used  t o  e v a l u a t e  
t h e  t e r m s  i n  t h e  d i m e n s i o n l e s s  V lasov  e q u a t i o n  be low .
(v x t )  • vvf :  
( v x f ) .  $vf  = [(v„ + \ )  x f ]  . $yf
v B (e X e ) • -  e + ^ - e + ^ - ^ e )
X  ^eX  X  e "' ' 3V[_ eX  3 V „  " Vj_ 8<j) Cf)J
( v i l )  • ? vf  = -B | £  (B-16)
t • v=
t  ■ ?„f = (Evi + E„j) • ( | X  5 + | | -  e„ + | £ -  e„)
4
V v X yJ ' Vavv 3V y, 3v„
ji
Ex 3VX + Ey ^sy± cos 8 + 3V„ s ,n  ', '1
* •  V  - E* E ^ “ » * + ! y < - s * L t »  +
E „ [ |X  s in  * + | i  S 2U L]cos e + E„ | X  s in  9 (B-17)
v • ? f :
y Lsv_l  '  3* J y av„
v • ? f = (v„e„ + vx? + vy ®y )
= vx 17 + v" s1n 8 §  + \  cos 9 §
v • v f  = cos <f> | £  + vii sin 0 sin <j> cos e | y  ( B - 1 8 )
The d i m e n s i o n l e s s  form o f  t h e  V la so v  e q u a t i o n  i s  
o b t a i n e d  by s u b s t i t u t i n g  e q u a t i o n s  B-16 t h r o u g h  B-18 i n t o  
e q u a t i o n  B- 8  t o  g e t
H- + Cv, cos4 + v„ sin e |^  + vx  sin «j> cos e |£ ]  +at L jl 
af3V CEX cos + Ey sin 4 cos e] - Ey sin 0 | £ -  +
E„ sin $ -  E„ cos <f> c o s  e 
£L r_*_________ 1 ___________
9<f> L v. + u>c] = 0 , (B-19)
where f = f  (v|( ,  ,  4 # x , y ) . f o r  0 = t t /2  t h e  V la so v  e q u a t i o n
becomes
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and t h e  d i m e n s i o n l e s s  e q u a t i o n  i s
i f  + w —  -  F 
3 t " ay y  av„ (B -2 1 )
where  f  i s  a l l o w e d  t o  va ry  i n  s p a t i a l  and v e l o c i t y  
c o o r d i n a t e s  a l o n g  t h e  f i e l d  d i r e c t i o n  o n l y .
Coordinate  System
x
F igure  B-1
APPENDIX C
VLAS1D and SUPPORTING PROGRAMS
C.1 D e s c r i p t i o n  o f  VLAS1D, FUNCT, PL0T2, and PLOT1
Program VLAS1D i s  a FORTRAN IV program w r i t t e n  f o r  
u se  on t h e  D i g i t a l  Equipm ent  C orp .  PDP-10 c o m p u te r  a t  t h e  
U n i v e r s i t y  o f  New H am p sh i r e .  The program h a s  a  c o r e  s i z e  
r e q u i r e m e n t  o f  9.2K 36 b i t  words and  a t y p i c a l  r u n  t i m e  o f  
10 m i n u t e s  o f  CPU t i m e .  VLAS 1D and i t s  s u p p o r t i n g  p rog ram s  
make u se  o f  IMSL<5 0 > s u b r o u t i n e s  s t o r e d  on d i s k  f i l e s  a t  t h e  
U n i v e r s i t y  o f  New Ham pshire  f a c i l i t y .  VLAS1D makes u se  o f  
IMSL s u b r o u t i n e  ICSICU t o  c a l c u l a t e  a m a t r i x  o f  c o n s t a n t  
c o e f f i c i e n t s  t o  be  u s ed  i n  t h e  s p l i n e  i n t e r p o l a t i o n  and 
DCSQDU t o  i n t e g r a t e  t h e  d i s t r i b u t i o n  f u n c t i o n  i n  v e l o c i t y  
u s i n g  t h e  ICSICU s p l i n e  f i t  t o  t h e  d i s t r i b u t i o n  f u n c t i o n .
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VLAS1D r e q u i r e s  an  i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  
from d i s k  f i l e  FUNCT.DAT a s  i n p u t .  The d i s k  f i l e  i s  c r e a t e d  
by program FUNCT i n  f r e e ,  l i s t  d i r e c t e d  f o r m a t .  VLAS1D a s k s  
t h e  i n t e r a c t i v e  u s e r  f o r  t h e  f o l l o w i n g  i n p u t :
DELT: Time s t e p  s i z e  i n  u n i t s  o f  nip
NTIHE: No. t i m e s  t h r o u g h  t i m e  l o o p  b e f o r e  s t o r a g e  o f
d i s t r b u t i o n  f u n c t i o n  f o r  p l o t t i n g .
NMAX: No. d i s t r i b u t i o n  f u n c t i o n  p l o t s  t o  be  made
( t o t a l  number t i m e s  t h r o u g h  lo o p  i s  NTIME*NMAX)
The l a s t  d i s t r i b u t i o n  f u n c t i o n  f i l e  i s  a l s o  s t o r e d  
i n  f i l e  FUNCT.SAV i n  t h e  same f o r m a t  a s  t h a t  c r e a t e d  by 
FUNCT s o  t h a t  FUNCT.SAV can  be used  a s  i n p u t  t o  VLAS1D t o  
c o n t i n u e  t h e  e v o l u t i o n  o f  t h e  d i s t r i b u t i o n  f u n c t i o n .
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Program FUNCT i s  d e s i g n e d  t o  c r e a t e  a d i s k  f i l e  f o r  
i n p u t  o f  t h e  i n i t i a l  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  i n t o  
VLAS1D. The g e n e r a l  form o f  t h e  f u n c t i o n  c a l c u l a t e d  i s
.2 ..2-CXoP
F(IX,IV) = (FI * e"a ’v + F2 * e
oio(v -V^) a ,  V 2 '  0
sec?— ) * (1 + FA * cos(FK * X)) , (C-1)
r
where F2= <j, f o r  V<V0 and SEC0ND=0 f o r  |V|<VZMIN. I n  
a d d i t i o n  t o  t h e  p a r a m e t e r s  d e f i n e d  by e q u a t i o n  C-1 ,  FUNCT 
a s k s  f o r  t h e  f o l l o w i n g  i n p u t :
FLZ: D i s t r i b u t i o n  p e r i o d i c  i n  l e n g t h  FLZ i n  s p a c i a l
c o o r d i n a t e .  ( u n i t s  o f  Debye l e n g t h s )
NZ: Number o f  S p a c i a l  g r i d  p o i n t s  ( y=FLZ/NZ)
VZMAX: Maximum v e l o c i t y  v a l u e  i n  u n i t s  o f  t h e r m a l
v e l o c i t y ( kT/m )
NVZ: Number o f  v e l o c i t y  g r i d  p o i n t s .
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Program PLOT2 u s e s  t h e  T e k t r o n i x  PLOT10 s o f t w a r e  
a v a i l a b l e  ' a t  t h e  U n i v e r s i t y  o f  New Ham pshire  f a c i l i t y  t o  
p l o t  t h e  d i s t r i b u t i o n  f u n c t i o n  s t o r e d  on d i s k  f i l e  FUNCT.DAT 
by VLAS1D t h r o u g h o u t  t h e  c a l c u l a t i o n .  The i n p u t  p a r a m e t e r s  
r e q u i r e d  a r e  :
IF IL E :  Number o f  d i s t r i b u t i o n  f u n c t i o n  p l o t s
t o  be  made.
IANS: To be t y p e d  i n  answ er  t o  q u e s t i o n
"Calcomp P l o t s  ?" IANS=Y c r e a t e s  a 
d i s k  f i l e  f o r  a  s u b s e q u e n t  Calcomp p l o t  
IANS=N d i s p l a y s  p l o t s  on CUT 
FFZHIN,FFZMAX: Minimum and maximum d i s t r i b u t i o n
v a l u e s  t o  be  p l o t t e d .
IXTYPE,IYTYPE: 1 f o r  l i n e a r  p l o t ,  2 f o r  l o g  p l o t
on x and  y a x e s .
Program PL0T1 p l o t s  t h e  e l e c t r i c  f i e l d  F o u r i e r  
com ponent  a m p l i t u d e s  c a l c u l a t e d  and s t o r e d  on d i s k  f i l e  
EMAX.DAT by VLAS1D as  a f u n c t i o n  o f  t i m e .  The f i r s t  p l o t  i s  
E (0) which i s  t h e  t o t a l  e n e r g y  (sum o f  s g u a r e s  o f  component 
a m p l i t u d e s )  i n  t h e  f i e l d .  The i n p u t  p a r a m e t e r s  a r e  s i m i l a r  
t o  PL0T2.
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C
C PROGRAM VLAS 1D CALCULATES THE ELECTRON DISTRIBUTION 
FUNCTION AS A
C FUNCTION OF TIME, POSITION AND VELOCITY IN A TWO 
DIMENSIONAL
C PHASE SPACE(ONE VELOCITY AND ONE SPACE DIMENSION). THE 
DISTRIBUTION
C FUNCTION IS  CALCULATED FROM THE ONE DIMENSIONAL VLASOV 
EQUATION:
C
C DF/DT + VZ*DF/DZ + E*DF/DVZ = 0
C
C TOGETHER WITH POISSONS EQUATION. THE SOLUTIONS CAN BE USED 
TO DETERMINE
C THE TIME EVOLUTION OF THE DISTRIBUTION FUNCTION CAUSED BY 
ELECTROSTATIC
C LANGMUIR OSCILLATIONS. THE CALCULATIONS ARE MADE FOR 
DISTRIBUTION
C FUNCTIONS ISOTROPIC IN VELOCITY SPACE AND SYMMETRIC UPPER 
AND LOWER
C HEMISPHERES IN THE SPACIAL COORDINATES.
C INPUT DATA:
C THE PROGRAM REQUIRES AN INITIAL DISTRIBUTION FUNCTION ON 
DISK FILE
C FUNCT.DAT CREATED BY PROGRAM FUNCT.FOR 
C
C NTIME,DELT -  NUMBER OF TIME STEPS OF LENGTH DELT IN UNITS 
OF THE PLASMA
C OSCILLATION PERIOD. DISTRIBUTION FUNCTION STORED FOR 
PLOTTING
C AFTER NTIME-1 TIME STEPS.
C
C
C NMAX -  NUMBER OF COMPLETE DISTRIBUTION FUNCTION FILES TO 
BE
C STORED ON DISK FOR INTERMEDIATE TIMES TAKEN THROUGHOUT 
RUN.
C
C THE FOURIER COMPONENTS OF THE ELECTRIC FIELD ARE PRINTED 
OUT ON DISK
C FILE EMAX.DAT IN THE FORMAT (EMAX (K), K=1 , NZ)r TIME WHERE 
EMAX(NZ) IS
C EQUAL TO THE AMPLITUDE OF THE TOTAL ELECTRIC FIELD
C
C
C THE PLASMA PERIOD IS  (M/4*PI*N*Q**2)* * .5  AND 




F (50, 150) ,VZ (150) , Z (50) ,A(50) ,B (50 )  ,RRHO(50) ,FVZ(150) ,
1
BPAR (4) , C ( 1 5 0 , 3 ) , E ( 5 0 )  ,  CC (50 ,  150 ,3)  ,COSNKZ (50 ,50) ,SINNKZ(50,5 
0) ,





DATA COMPI/(0 . ,  1 .)  /
DATA P I / 3 . 1 4 1 5 9 /
DATA
I D I S K / 1 / , I C A R D / 2 / , I P R I N T / 7 / , I T T Y / 5 / , I D I S K 2 / 6 / , I D I S K 3 / 10 /
DATA IDZSK4/40/
DATA BPAR/0., 0 . , 0 . , 0 . /
C
OPEN(UNIT=IDISK,DEVICE3 'DSK*, ACCESS= ' SEQIN*,
1 FILE='FUNCT.DAT')
OPEN(UNIT=IDISK2,DEVICE=»DSK», ACCESS3 'SEQOUT'.DISPOSE3 '
SAVE’ ,
1 FILE='EMAX. DAT*)
OPEN( UNIT=ITTY,DEVICE3 * TTY *.ACCESS3 * SEQINOOT' , DISPOSE=* 
DELETE*)
C
READ(IDISK,*) FA,FK,ALPHA1 , ALPHA2,FN1,FN2,VO,TIME 
READ (IDISK, *)
FLZ, NZ, VZMAX,NVZ, DELZ, DELVZ, NZP1,NVZP1 , NZTWO,NZTOP1 
BEAD (IDISK, *) ( (F ( I ,  J )  ,J=1,NVZP1) , I  = 1,NZP1)
READ(IDISK,*) (Z ( I )  , I  = 1,NZP1)
READ (IDISK, *) (VZ (J) ,J=1,NVZP1)
WRITE (ITTY, 12)
12 FORMAT(* DELT,NTIME,NMAX? *)
READ(ITTY,*)  DELT,NTIME,NMAX 
NTM1 = (NTIME-1) *NMAX 
WRITE(IDISK2,*) NTM1, DELT,NZ 
CLOSE (UNIT=IDISK,DISPOSE=* SAVE')




C TIME STEP DO LOOP 
C
ICOUNT = 0 
HDELT = . 5 *  DELT 
TOPIL = 2 .*P I /F L Z
C
C CALCULATE TRIGONOMETRIC FUNCTIONS STORE 
C
DO 23 1 = 1 , NZ 
DO 23 N=1,NZP1
COSNKZ (I ,N)  = COS ( (N-1) *TOPIL*Z ( I ) )
SINNKZ(I,N) = SIN ( (N -1)*TO PIL*Z(I) )




DO 100 L=1,NTIME 
DT = DELT
I F (  (L-1) * (L-NTIME) .EQ.O) DT = DT-HDELT 
I F ( L .N E .1)  TIME = TIME + DELT
C




C FOURIER INTERPOLATION 
C
DO 35 J J = 1 , NZTOP1 
A (JJ)  = 0 .
B (JJ)  = 0 .
DO 35 IP=1,NZ
A (J J )  = A ( J J )  + F ( I P r J)  *COSNKZ ( I P ,  J  J)
B (JJ)  = B (JJ )  + F ( I F ,  J )  * SINNKZ ( I P ,  J J )
C WRITE (IPRINT,*)
L , J , J J , A ( J J ) , B ( J J ) , I P , F ( I P , J ) , COSNKZ(IP,JJ)
35 CONTINUE
C
C LOOP OVER SPACE 
C




DO 40 K=2,NZTWO 
KK = K -  1
40 SUMZ = SUMZ + A (K) *CQS (XZ*KK) + B (K) *SIN (XZ*KK)
C
F ( I ,  J )  = ( (A (1) + A(NZT0P1)*C0S(XZ*NZTWC) > * .5  + 
SUMZ) /NZTWO 
C
C WRITE(IPRINT,*) L , I , J , F ( I , J ) , SUMZ,NZTWO
50 CONTINUE
C
IF (L .G E .  NTIME) GO TO 110
C
C CUBIC SPLINE INTERPOLATION 
C
DO 70 1 = 1 , NZ 
DO 60 K=1,NVZP1 
60 FVZ(K) = F ( I ,  K)
C
CALL ICSICU(VZ,FVZ,NVZPl, BPAR,C, 150,IER1)
C






DO 65 IK = 1 , NVZP1 
FFVZ ( I , I K )  = FVZ (IK)
DO 65 JK = 1 ,3






C ELECTRIC FIELD CALCULATION
C
C
C CALCULATE FOURIER TRANSFORM OF RHO(I)
C
DO 71 JJ=1,NZ 
CEE ( J J )  = 0 .
DO 71 IP=1,NZ 
CEE ( J J )  = CEE (JJ)  +
RRHO (IP) * (COSNKZ ( I P ,  J J )  +COMPI*SINNKZ ( I P ,  J J )  )
71 CONTINUE
C
DO 73 K=2,NZTOP1 
73 EMAX (K) = 0 .
DO 75 1 = 1 , NZ 
EMAX(1) = 0 .
E( I )  = 0 .
C
C SUM OVER FOURIER COMPONENTS 
C
DO 75 NN = 2 , NZTOP1 
NNM1 = NN -  1
CDENOM = CMPLX(TOPIL*(NNM1) *NZ,0 . )
CE = COMPI*CONJG(CEE(NN) ) /CDENOM 
EMAX(NN) = AMAX1(CABS (CE), EMAX(NN))
E ( I )  =
2.*(COSNKZ(I,NN)*REAL(CE)-SINNKZ(I,NN)*AIMAG(CE) ) + E(I)
IF(NN.EQ. NZT0P1) E(I)  =E(I)  + IS IGN( - 1 * * 1 , 1 ) *REAL(CE)
75 CONTINUE
DO 77 N=2,NZTOP1
EMAX (1) = EMAX (N) **2 + EMAX(1)
77 CONTINUE
WRITE (IDISK2,* )  (EMAX (K) ,K=1,NZTOP1) , TIME
C
C FULL TIME STEP FOR VELOCITY SHIFT 
C
DO 100 1 = 1 , NZ 
DO 100 J = 1 , NVZP1 
TZ = VZ(J) + E (I )  *DELT 
DO 80 K=1,NVZ
IF (T Z .L T .  VZ (K+1)) GO TO 90 
80 CONTINUE
90 CONTINUE
D = TZ -  VZ(K)
F ( I ,  J )  = ( (C C ( I ,K ,3 ) * D + C C (I ,K ,2 ) )  * D + C C ( I ,K ,1 ) )  * D
+ FFVZ(I,K)
I F  (TZ. GE. VZ (NVZP 1) ) F ( I , J )  = 0.









FLZ,NZ,VZMAX,NVZ,DELZ,DELVZ, NZP1, NVZP1, NZTWO,
1 NZTOP1
WRITE (IDISK3,*) ( (F ( I , J )  ,J=1,NVZP1) , I=1,NZP1)
WRITE (IDISK3,*) (Z (I )  ,1=1 ,NZP1)
WRITE (IDISK3 ,*)  (VZ(J) ,J=1,NVZP1)
ICOUNT = ICODNT + 1 




W HITE(IDISK4,*) FA,FK,ALPHA1, ALPHA2,FN1,FN2,V0,TIME 
WRITE (IDISK4,*)
FLZ,NZ,VZMAX,NVZ,DELZ,DELVZ, NZP1, NVZP1, NZTWO,
1NZTOP1
WRITE (IDISK4,#) ( (F ( I , J ) , J=1,NVZP1), I=1,NZP1)
WRITE(IDISK4 ,* )  ( Z ( I ) , 1 = 1 , NZP1)
WRITE (IDISK4,*) ( VZ {J) , J= 1, NVZP1)
CLOSE(UNIT=IDISK4, DISPOSE^’ SAVE*, FILE=’ FUNCT.SAV’ )
CLOSE(UNIT=IDISK3,DISPOSE=*SAVE’ ,FILE=» FUNCT.DAT’ )
CLOSE(UNIT=ITTY)






C PROGRAM PLOT2 PLOTS THE INTEGRAL OF THE TWO DIMENSIONAL 
FUNCTION F ( I , J )
C VS THE REMAINING UNINTEGRATED DIMENSION.
C INPUT PARAMETERS:
C REQUIRES FUNCT.DAT DISK FILE WITH FORMAT SAME AS THAT 
CREATED BY 
C PROGRAM FUNCT.FOR
C IF IL E :  NMAX(VLAS1D PROGRAM) COMPLETE FILES ARE WRITTEN TO 
DISK
C AT EQUAL TIME INTERVALS THROUGHOUT THE RUN OF VLAS1D.
C IFILE GIVES THE FILE NUMBER TO BE PLOTTED DURING THE 
CURRENT
C RUN OF PLOT2.
C FFZMIN,FFZMAX: MAXIMUM MINIMUM DISTRIBUTION FUNCTION 
VALUES
C IXTYPE,IYTYPE : 1 FOR LINEAR PLOT, 2 FOR LOG PLOT 
C
DIMENSION
IARRAY(20) , JARRAY(100) ,CONPRT (250) ,CONENG(250)
DIMENSION F ( 5 0 ,  250) , VZ (250) ,  Z (50) ,VVZ(251) ,FFZ(251) ,
1 IVEL (9) , IDIST (22) ,FZ(50)  ,C ( 2 5 0 ,3 )  f BPAR (4)
DATA B P A R / 0 . , 0 . , 0 . , 0 . /
DATA IBAUD/240/,IYES/1HY/
DATA I D I S K / 1 / , I C A R D / 2 / , I P R I N T / 3 / , I T T Y / 5 /
DATA IV E L /8 , 8 6 , 6 9 , 7 6 , 7 9 , 6 7 , 7 3 , 8 4 , 8 9 /
DATA I D I S T / 2 1 , 6 8 , 7 3 , 8 3 , 8 4 , 8 2 , 7 3 , 6 6 , 8 5 , 8 4 , 7 3 , 7 9 , 7 8 , 3 2 ,
1 7 0 , 8 5 , 7 8 , 6 7 , 8 4 , 7 3 , 7 9 , 7 8 /
C
OPEN(UNIT=1DISK,DEVICE=' DSK' , ACCESS=* SEQIN*,DISPOSE='SA
VE»,
1 FILE= 'FUNCT. DAT')
OPEN(UNIT=ITTY,DEVICE='TTY' ,ACCESS=' SEQINOUT' , DISPOSE=' 
DELETE')
OPEN( UNIT=20,ACCESS=* APPEND', FILE=' PLOTF.DAT• , DISPOSE=»
SAVE')
C
WRITE (ITTY ,  2)
2 FORMAT(« I F I L E ? ' )
READ(ITTY,*) IFILE 
WRITE (ITTY, 150)
150 FORMAT(• CALCOMP PLOT?')
READ(ITTY,160)  IANS 
160 FORMAT(A1)
WRITE (ITTY, 10)
10 FORMAT(» FFZMIN,FFZMAX = ? ' )
READ(ITTY,*) FFZMIN,FFZMAX 
WRITE ( IT T Y ,15)
15 FORMAT( '  IXTYPE,IYTYPE = ?»)
READ(ITTY,*) IXTYPE,IYTYPE 
DO 5 ICOUNT=1, IFILE
READ(IDISK,*) FA,FK,ALPHA1, ALPHA2,FN1,FN2, VO,TIME 
READ(IDISK,*)
FLZ,NZ,VZHAX,NVZ,DELZ,DELVZ,NZP1,NVZP1,NZTWO,NZT0P1 
READ (IDISK, *) ( ( F ( I , J J  , J  = 1,NVZP1) , I  = 1,NZP1)
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BEAD (IDISK**) (Z (I )  , I=1,NZP1)




C INTEGRATE USING SPLINE INTEBPOLATION TO OBTAIN THE 
DISTBIBUTION
C FUNCTION AS A FUNCTION OF VELOCITY ONLY.
VVZ(1) = NVZP1 
FFZ(1) = NVZP1
C
DO 310 J=1,NVZP1 
DO 300 K=1,NZ 
300 FZ (K) = F(K,J )
FZ(NZP1) = F Z (1)
CALL ICSICO(Z,FZ,NZP1,BPAE,C,250,IEB1)
CALL DCSQDU(Z,FZ,NZP1,C,250,0 . ,Z(NZP1),Q,IER2)
Q = Q/FLZ 
FFZ (J+1) = Q 
VVZ(J+1) = VZ(J)
CONPBT(J) = Q 
CONENG(J) = Q* (VZ (J)  **2)
310 CONTINUE 
C




DCSQDU(VZ,CONPRT,NVZP1,C,250,VZ(1) ,VZ(NVZP1) , PARTCL,IEE3) 
CALL ICSICU(VZ,CGNENG,NVZP1,BPAR,C, 250, IER4)
CALL
DCSQDU(VZ,C0NENG,NVZP1,C,2 5 0 , VZ(1) ,VZ(NVZP1), ENERG,IER4) 
ENCODE( 6 0 , 9 9 , IARRAY) PARTCL,ENERG,TIME
99 FORMAT(3X,* NUMBER' , 1PG10 . 3 , 5 X , ‘ENERGY1 , G10 . 3 ,3X ,
1 * TIME = ' ,G10.3)
DECODE(60,100,IARRAY) (JARRAY(J) ,J=2 ,61)
100 FORMAT(60R1)





IF(IANS.EQ.IYES) CALL OUTMOD( • FILE*,20)
CALL BINITT






















C PROGRAM PLOT1 PLOTS A FUNCTION F OF ONE VARIABLE T. THE 
PROGRAM REQUIRES
C INPUT FORM DISK FILE EMAX.DAT IN THE FORMAT F ,T .  THE FIRST 
NUMBER IN THE
C FILE IS THE NUMBER OF DATA POINTS NT AND THE SECOND NUMBER 
IS
C THE ORDINATE INTERVAL DELT.
C TTY INPUT DATA FORMAT:
C IXTYPE,IYTYPE : 1 FOR LINEAR PLOT, 2 FOR LOG PLOT 
C FMIN,FMAX : MAXIMUM MINIMUM EMAX VALUES 
C
DIMENSION IARRAY( 2 0 ) , JARRAY(100)
DIMENSION T (600) ,FF (601)  , E ( 5 0 ,6 0 0 )  ,TT(601)
DATA IBAUD/240/
DATA I D I S K / 1 / , I T T Y / 5 /
DATA IYES/1HY/
C
OPEN( UNIT=IDI-SK,DEVICE='DSK' , ACCESS=' SEQIN',FILE=*EMAX.
DAT',
1 DISPOSE=*SAVE')
OPEN ( UNIT=ITTY, DEVICE= •'TTY • ,  ACCESS= ' SEQINOUT • , DISPOSE=' 
DELETE')




150 FORMAT( '  CALCOMP PLOT?')
READ(ITTY,1 60)  IANS 
160 FORMAT (A1)
WRITE(ITTY,20)




NZP1 = NZ + 1 
NZTOP1 = NZ/2 + 1 
DO 10 1 = 1 , NT
READ (IDISK, * ,  END=10) (E (K , I )  ,K=1,NZTOP1) , T ( I )




FF(1) = NT 
TT (1) = NT
DO 140 NEC0MP=1,NZT0P1 
IF(NECOMP.LT.5) GO TO 200 
I F  (MOD (NECOMP, 2) .EQ.O) GO TO 140 
200 CONTINUE
DO 250 J = 1 , NT 
250 FF (J+1) = E (NECOMP, J)
C










NECM1 = NECOMP -  1
ENCODE ( 2 6 , 99,IARRAY) NECM1
FOBMAT ( 10X ,*EAMP( ' # 1 2 * ' )  VS TIME')
DECODE( 2 6 , 2 6 0 , IARRAY) (JARBAY ( J ) , J = 2 , 2 7 )
FORMAT(26R1)
J  ARRAY (1) = 26
CALL INITT (IBAUD)
IF(IANS.EQ.IYES) CALL OOTMOD ( ' F I L E ' ,20)
CALL BINITT









CLOSE(UNIT=20 *FILE= «PLOTE.DAT' , DISPOS E=' SAVE') 





C PROGRAM FUNCT CREATES A DISK FILE CONTAINING THE ELECTRON 
DISTRIBUTION
C FUNCTION CALCULATED FROM THE FUNCTIONAL FORM INCORPORATED 
INTO THIS PROGRAM
C THE DISK FILE IS WRITTEN IN FREE FORMAT WITH THE ORDER 
IMPLIED BY
C ( ( F ( I , J )  , J=1,NVZP1) ,I=1,NZP1) ,  (Z ( I )  , I=1 ,NZP1)  ,
(VZ(J) ,J=1,NVZP1)
C THE INPUT PARAMETERS ARE:
C FA,FK,ALPHA1, ALPHA2,FN1,FNFN2,V0 
C F ( I , J )  =
[FN1*EXP(-ALPHA1*VZ*VZ) +FN2*EXP(-ALPHA2*(VZ**2-V0**2)) ](1+FA* 
COS (FK*Z) )
C FLZ,NZ : DELZ = FLZ/NZ 
C VZMAX,NVZ : DELVZ = 2*VZMAX/NVZ 
C
DIMENSION F (50, 250) ,VZ(250) ,Z (50)
C
DATA I D I S K / 1 / , I T T Y / 5 /




1 FILE= * FUNCT.DAT *)
C
C READ IN FUNCTION PARAMETERS 
C
WRITE ( IT T Y ,10)
10 FORMAT(* FA,FK,ALPHA1,ALPHA2,FN1,FN2,VO = ? • )
READ(ITTY,*) FA,FK,ALPHA1, ALPHA2,FN1,FN2,VO 
WRITE ( ITTY,20)
20 FORMAT(* FLZ,NZ,VZMAX, NVZ = ?*)
READ(ITTY,*) FLZ,NZ,VZMAX,NVZ 
WRITE(ITTY,30)
30 FORMAT(* VZMIN,SECOND = ? • )
READ(ITTY,*) VZMIN,SECOND
C
DELZ = FLZ/NZ 
DELVZ = 2.*VZMAX/NVZ 
NZP1 = NZ + 1 
NVZP1 = NVZ + 1 
NZTWO = NZ/2 
NZTOP1 = NZTWO + 1
C
VZ(1) = - 1 . *VZMAX 
DO 40 K=2,NVZP1 
VZ(K) = VZ(K-1) + DELVZ 
40 CONTINUE
ZOLD = -1.*DELZ 
DO 50 1 = 1 , NZP1 
, Z(I)  = ZOLD + DELZ 
ZOLD = Z (I)
DO 50 J = 1 ,NVZP1
F ( I ,  J )  =FN1*EXP ( - 1 .  * ALPHA 1*VZ (J) *VZ (J ) )
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FFN2 = FN2
FACTOR = VZ(J)*VZ(J) -  VO*VO 
I F  (ABS (VZ ( J ) ) . GE. VO) F ( I ,  J)  = F ( I , J )  + 
FFN2*EXP(-1.*ALPHA2*FACTOR)
IF (V Z (J )  .GE.VZMIN) F(I,<J) = F ( I , J )  + SECOND/VZ (J) ** 4 
F ( I , J )  = F ( I ,  J j  * (1 .  +FA*COS (FK*Z ( I ) ) )
50 CONTINUE 
C
C WEITE FUNCTION AND PABAMETEBS ON DISK FILE 
C
TIME = 0.
WRITE (IDISK,*)  FA,FK,ALPHA1, ALPHA2,FN1 , FN2,VO,TIME 
WRITE(IDISK,*)
FLZ,NZ,VZMAX,NVZ,DELZ,DELVZ,NZP1,NVZP1,NZTWO,NZTOP1 
WRITE (IDISK,*) ( ( F ( I , J )  , J=1 ,NVZP1) , I=1 ,NZP1)
WRITE(IDISK,*) ( Z ( I ) , 1 = 1 , NZP1)
WRITE (IDISK,*) (VZ(J) ,J=1,NVZP1)
C







c . 2  VLAS1D Compute r  Buns
The p la sm a  p a r a m e t e r s  used  t o  d e t e r m i n e  t h e  i n i t i a l  
e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n s  f o r  t h e  VLAS1D c o m p u te r  run  
r e s u l t s  t h a t  a p p e a r  i n  t h e  f i g u r e s  o f  t h i s  t h e s i s  a r e  shown 
i n  t a b l e  C-1* The c o r r e s p o n d i n g  i n p u t  p a r a m e t e r s  f o r  t h e  
FUNCT c o m p u te r  code  u s e d  t o  c r e a t e  t h e  i n i t i a l  d i s t r i b u t i o n  
d i s k  f i l e  a r e  shown i n  t a b l e  C-2 .  The FUNCT program i n p u t  
p a r a m e t e r s  a r e  d e f i n e d  by e q u a t i o n  C l .
Table C-1: Plasma Parameters
Run
T2
Beam t o  Background  
D e n s i t y  R a t i o  n ^ / r ^
0 (no beam)
P la sm a  F r e q u e n c y  
ojp ( r a d / s e c )  
f o r  nj3=lcm~3
(  4 irnm6 
\  m
2 V / 2
Debye L e n g th  
l d (cm) 
f o r  n ^ l c m - ^
k T i  a / 2
^4Trnme 2
Therm a l  V e l o c i t y  
v t h (cm/s)










. 2 8 2 5
. 0 2 8 2 5
. 0 0 2 8 2 5
, 2 8 2 5 x l 0 - 5  
\ - 510
The r e s u l t s  o b t a i n e d  f o r  r u n s  T , 2 f T4 and  TS1 a r e  
i n d e p e n d e n t  o f  b a c k g r o u n d  t e m p e r a t u r e  T^ and  d e n s i t y
10 - 5
nm*
. 1 1 x 1 0 *  
. 3 4  
1.1 
3 3 . 6
1 7 .9
1 7 .9
6 . 9 x 1 0  
l . O x l O 3 




7 . 5 7 x 1 0
3 . 4 7
1 . 6 9
1 . 3 2 7
1 . 3 2 7
1 . 3 2 7
8
The beam t e m p e r a t u r e  T2 i s  640 eV and  t h e  b a c k g r o u n d  t e m p e r a t u r e  kT^ i s  10 eV 
f o r  a l l  r u n s  w i t h  t h e  p r e f i x  AM. The number d e n s i t y  o f  t h e  power l aw  s e c o n d a r i e s  
i n c l u d e d  i n  r u n s  AM25 and AM27 i s  e q u a l  t o  t h e  beam d e n s i t y .
T a b l e  C - 2 :  FUNCT AND VLAS1D INPUT PARAMETERS*
R u n A t FA FK « i a 2 FN1 FN2 vO FLZ NZ VZMAX NVZ VZMIN SECONE
T2 . 2 . 5 . 5 . 5 1 . 0 . 4 0 0 1 2 . 6 20 5 . 0 99 0 0
T4 1 . 12
TS1** 1 . . 0 5 . 5 . 5 1 . 0 . 4 0 0 1 2 . 6 16 5 . 0 99 0 0
AM2 1 . . 0 0 2 . 2 1 6 . 2 5 . 2 5 4 1 . 1 4 . 2 8 4 3 . 5 3 0 . 5 30 5 . 0 99 0 0
AM3 . 0 0 1 . 1 3 . 4 1 . 0 5 3 . 9 5 . 0 2 4 7 . 6 6 6 2 . 4 46 1 0 . 0
AM20 4 x l 0 - 4 . 0 4 . 8 1 2 . 0 1 2 7 . 5 0 1 . 2 6 x l 0 - 3 1 5 . 7 1 5 6 . 7 24 2 5 . 0
AM4 3 . 3 x l 0 - 6 3 . 3 x l 0 - 2 . 5 7 . 8 x l 0 - 3 . 4 1 0 " 6 2 0 . 0 1 8 8 . 3 46 3 0 . 0
AM25 3 . 5 x l 0 ~ 6 30 1 . 4 1 4 8 . 5 x 1 0 "
AM27 2 . 5 x l 0 “ 2 5 x l 0 “ 2
*A b l a n k  s p a c e  i n d i c a t e s  t h e  s a m e  v a l u e  a s  s h o w n  i m m e d i a t e l y  a b o v e .
2
* * M a x w e l l i a n  b a c k g r o u n d  t e r m  m o d i f i e d  t o  t h e  f o r m  v 2 e " a v
APPENDIX D
VLAS3D AND SOPPOBTING PBOGBAHS
D.1 D e s c r i p t i o n  o f  VLAS3D, FUN3D, PLTF3D, PLOTE, TBANS and 
PLOTFX
Program VLAS3D i s  a FORTRAN IV program w r i t t e n
f o r  use  on t h e  D i g i t a l  Equipm ent  C o r p o r a t i o n  PDP-10 c o m p u te r
a t  t h e  U n i v e r s i t y  o f  New H am p sh i re .  The program h a s  a c o r e
s i z e  r e q u i r e m e n t  o f  12.3K 36 b i t  words and a t y p i c a l  run
t im e  o f  30 m i n u t e s  o f  CPU t i m e .  The program i n t e g r a t e s  t h e
2 - 1 / 2  d i m e n s i o n a l  e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  (two s p a c e
and t h r e e  v e l o c i t y  d im e n s io n s )  i n  t im e  a c c o r d i n g  t o  t h e
V la so v  e q u a t i o n .  The i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  m a t r i x
i s  r e a d  from d i s k  f i l e  FUN3D.DAT c r e a t e d  by program FUN3D.
The f i n a l  d i s t r i b u t i o n  f u n c t i o n  m a t r i x  i s  s t o r e d  i n  f i l e
FUN3D.SAV and d i s t r i b u t i o n  f i l e s  t o  be p l o t t e d  a r e  appen d ed
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to the initial distribution function file FUto3D.DAT.
The i n p u t  p a r a m e t e r s  r e q u i r e d  by VL&S3D a r e :
DELT: Time s t e p  s i z e  i n  u n i t s  o f  p l a sm a  p e r i o d s
NTIME: Number o f  i n t e g r a t i o n  s t e p s  t h r o u g h  t i m e
l o o p  b e f o r e  s t o r a g e  o f  d i s t r i b u t i o n  f u n c t i o n  f o r  p l o t t i n g
NFILE: Number o f  d i s t r i b u t i o n  f u n c t i o n  m a t r i c e s  t o
be p l o t t e d  n o t  c o u n t i n g  t h e  i n i t i a l  d i s t r i b u t i o n  f u n c t i o n
m a t r i x .  The t o t a l  amount o f  t i m e  i n t e g r a t e d  o v e r  i s
NFILE* (NTIME-1).
OMEG&C: The e l e c t r o n  c y c l o t r o n  f r e q u e n c y  i n  u n i t s  
o f  t h e  e l e c t r o n  plasma f r e q u e n c y  ( w ) .
Program FUN3D c r e a t e s  t h e  i n i t i a l  d i s t r i b u t i o n  
f u n c t i o n  m a t r i x  a c c o r d i n g  t o
2 2
F(IVPAR,IVPER,IPHI,IX,IY) = (A * e -aV + B * e _Bvl } *
{1 + C (cos CKX * X + s in  CKY * Y) } (D-l)
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where
2 2 2 v = + v„
v ' 2 = (vj. " vJ .o )2  + {v " " v "o)2 5 {D_^
and B i s  s e t  e q u a l  t o  z e r o  i f  v„<0« In  a d d i t i o n  t o  t h e  
i n p u t  p a r a m e t e r s  d e f i n e d  by e q u a t i o n s  D-1 and D-2, FUN3D 
r e q u i r e s  t h e  f o l l o w i n g  i n p u t  p a r a m e t e r s :
VPARMX: M agn i tude  o f  t h e  maximum p a r a l l e l  v e l o c i t y
i n  u n i t s  o f  t h e r m a l  v e l o c i t y .
VPERMX: Maximum p e r p e n d i c u l a r  v e l o c i t y .
XMAX, YMAX: R e p e t i t i o n  l e n g t h s  i n  t h e  x and y
d i r e c t i o n s  i n  u n i t s  o f  Debye l e n g t h s .
NVPAR: Number o f  p a r a l l e l  v e l o c i t y  g r i d  p o i n t s .
The p a r a l l e l  v e l o c i t y  s t e p  s i z e  i s  g i v e  by 
DVPAR=2. 0 * VPARMX/(NVPAR-1 ) .
NVPER: Number o f  p e r p e n d i c u l a r  v e l o c i t y  g r i d  p o i n t s
(DVPEB=2.0*VPERMX/(2*NVPER-1 ) ) .
NPHI: Number o f  v e l o c i t y  p h i  c o o r d i n a t e  g r i d  p o i n t s
(DPHI=2 /N P H I ) .
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NX, NY: Number o f  s p a t i a l  g r i d  p o i n t s  (DX=XHAX/NX).
The p l o t t i n g  r o u t i n e  PLTF3D p l o t s  t h e  d i s t r i b u t i o n  
f u n c t i o n  m a t r i c e s  s t o r e d  i n  f i l e  FUN3D.DAT. PLOTE p l o t s  t h e  
t o t a l  e l e c t r i c  f i e l d  e n e r g y  a s  a f u n c t i o n  o f  t im e  s t o r e d  i n  
f i l e  ESQ.DAT by program VLAS3D. The e l e c t r i c  f i e l d  e n e r g y  
p l o t t e d  i s  e q u a l  t o  t h e  sum o f  t h e  s q u a r e s  o f  t h e  F o u r i e r  
component a m p l i t u d e s  i n t e g r a t e d  o v e r  t h e  s p a t i a l  a r e a  
i n c l u d e d  i n  a r e c t a n g l e  w i th  s i d e s  e q u a l  t o  t h e  r e p e t i t i o n  
l e n g t h s  XMAX and YMAX. I f  a Calcomp p l o t  i s  d e s i r e d ,  
program P102PL must be r u n  a f t e r  program PLTF3D o r  PLOTE. 
The i n p u t  d a t a  f i l e  names a sk e d  f o r  by P102PL a r e  PLTF3D.DAT 
f o r  program PLTF3D o u t p u t  and PLOTE.DAT f o r  p rogram  PLOTE.
Program TEANS c r e a t e s  t h e  F o u r i e r  t r a n s f o r m  o f  t h e  
e l e c t r i c  f i e l d  e n e r g y  i n  t i m e .  Program PLOTE p l o t s  t h e  
r e s u l t  E ( w )  vs  a) and P102PL must be  r u n  f o r  a Calcomp 
p l o t .
Program PLTFX g i v e s  a t h r e e  d i m e n s i o n a l  a p p e a r a n c e  
p e r s p e c t i v e  p l o t  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  i n  a v e l o c i t y  
c o o r d i n a t e  s y s t e m  made up o f  t h e  p a r a l l e l  and a 
p e r p e n d i c u l a r  v e l o c i t y  com p o n en t s .  T h i s  program c a l l s  
program PLT3D a v a i l a b l e  a t  t h e  U n i v e r s i t y  o f  New Hampshire  
c om pu t ing  f a c i l i t y .
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C
C PROGRAM FUN3D.FOR DETERMINES AN INITIAL ELECTRON 
DISTRIBUTION
C FUNCTION F(VPAR,VPER,PHI,X,Y) . THE DISTRIBUTION FUNCTION 
IS  STORRED
C ON DISK FILE FUN3D.DAT IN THE FORMAT RESULTING FROM THE 
BINARY




C THE PARAMETERS ARE:
C NVPAR,NVPER,NPHI: POINTS IN PARALLEL(TO MAGNETIC FIELD)
C PERPENDICULAR VELOCITY GRIDS PHI GRID. (NVPAR ALWAYS 
EVEN)
C NX,NY: POINTS IN XY DIRECTIONS INCLUDING ORIGIN
C VPARMX,VPERMX: MAXIMUM PARALLEL PERPENDICULAR VELOCITIES 
C XHAX ,YHAX: MAXIMUM X Y VALDES 
C
C A,ALPHA: BACKGROUND PARAMETERS 
C B,BETA: EEAM PARAMETERS
C C,CKX,CKY: INITIAL OSCILLATION PARAMETERS 
C
C CALCULATED PARAMETERS:
C DV PAR = 2*VPABMX/(NVPAR” 1)
C DVPER = 2.*VPERMX/(2*NVPER-1)
C DPHI = 2*PI/NPHI 
C DX = XMAX/NX 
C DY = YHAX/NY 
C
DIMENSION
VPAR (16) ,  VPER (8) , PHI (8) ,  X (4) ,Y(4) # F (1 6 , 8 ,  8 ,  4 ,  4)
DATA I D I S K / 1 / , P I / 3 . 1 4 1 5 9 2 6 5 / , IT TY /5 /





10 FORMAT(* $NVPAR,NVPER, NPHI,NX,NY = ? • )
READ(ITTY,*) NVPAR, NVPEfi,NPHI,NX,NY 
20 FORMAT (512)
TYPE 30




50 FORMAT( ' $ A,ALPHA,B,BETA = ? • )
READ(ITTY,*)A,ALPHA,B,BETA 
TYPE 60
60 FORMAT('$C,CKX,CKY = ?*)
READ (ITTY ,*)C,CKX,CKY 
TYPE 70




IF(NVPAR.NE.1) DVPAR = 2 . *VPARMX/(NVPAR-1) 
DVPER = 2 . * VPERMX/(2*NVPER-1)
DVPER2 = DVPER*.5 
DPHI = 2 . *PI/NPHI 
DX = XMAX/NX 
DY = YMAX/NY 
TIME = 0.
WRITE ( ID ISK ,20) 
WRITE ( ID ISK ,40) 
WRITE ( ID ISK ,40) 
WRITE ( ID ISK ,40) 








DO 100 IX=1,NX 
X(IX) = (IX-1)*DX 
x f a c t  = c o s  (ckx*x ( i x ) )
DO 100 IY=1,NY
Y (IY) = (IY-1) *DY
s p a c e  = 1. + c * ( x f a c t  + c o s  ( c k y * y ( i y ) ))
DO 100 IPHI = 1 , NPHI 
PHI(IPHI)  = (IPHI-1)*DPHI 
DO 100 IVPER=1,NVPER
VPER(IVPER) = (IVPER-1 ) *DVPER + DVPER2 
VPERSQ = VPER(IVPER)**2 
VPERSB = (VPER (IVPER)-VPERO) **2 
DO 100 IVPAR=1,NVPAR
V PAR(IVPAR) = (IVPAR-1 ) *DVPAR-VPARMX 
VSQ = VPERSQ + VPAR (IVPAR)**2
VSQB = VPERSB + (VPAR (IVPAR)-VPARO)**2 
bb = b
i f  (v p a r  ( i v p a r )  . I t .  0 .)  bb=0.
FVEL = A*EXP(-1.*ALPHA*VSQJ + bb*EXP( - 1 . *BETA*VSQB)







C PROGBAM VLAS3D INTEGRATES THE VLASOV EQUATION FOB AN 




C THE MAGNETIC FIELD IS  TAKEN TO LIE ALONG THE Y-AXIS.
C THE EQUATIONS SOLVED AND METHODS OF SOLUTION ABE DISCUSSED
C IN:
C
C C.CHENG,THE INTEGBATION OF THE VLASOV EQUATION FOB A
MAGNETIZED
C PLASMA, J.COMP.PHYS.2 4 ,1 9 7 7  (348-360)
C
C THE PEOGBAM BEADS AN INITIAL DISTBIBUTION FUNCTION FBOM 





C SPACIAL INTERPOLATION IN XY IS  PERFORMED BY SUBROUTINE 
SPACE AND




C THE PARAMETERS READ IN ABE:
C DELT: TIME STEP SIZE IN UNITS OF WPE-1
C NTIME: NO. TIMES THROUGH TIME LOOP BEFORE STORAGE OF F
C FOB SUBSEQUENT PLOTTING. NTIME MUST BE GT 1
C NFILE: NO. FILES OF F STOBED FOR PLOTTING (NOT COUNTING
INITIAL FILE)
C
C THE TIME INCREMENT IN LOOPING NTIME TIMES THROUGH THE 
TIME LOOP
C IS (NTIME-1)*DELT SINCE THE FIRST AND LAST TIMES THROUGH 
THE TIME
C IS INCREMENTED BY DELT/2. THE TOTAL TIME THROUGH WHICH F 
IS  EVOLVED FOE
C THE TOTAL BUN IS  (NTIME-1)*NMAX*DELT.
C
C
PARAMETER N16=16, N8 = 8 ,  N4=4 
COMMON/CONST/ PI,OMEGAC 
COMMON/FAREA/







ID IS K /1 / , I T T Y /5 / , I D S K 1 0 / 1 0 / , ID S K 1 1 / 1 1 / , P I / 3 . 141 5 9 2 6 5 / ,
1IDSK1 2 / 1 2 /
C
188
OPEN(UNIT=IDISK, DEVICE= ' DSK' ,  ACCESS3 'SEQIN' , DISPOSE3 'SA
VE' ,
1FILE3 ' FUN3D.DAT*)
OPEN( UNIT=IDSK10, DEVICE3 • DSK*, ACCESS3 ' SEQOUT• r DISPOSE=»
SAVE*,
1FILE3 * ESQ. DAT*)
OPEN(UNIT=IDSK12,DEVICE3 • DSK' ,ACCESS='SEQOUT*,
1 FILE= ' FUN3D« SAV *)
C
C BEAD INITIAL DISTRIBUTION FUNCTION F (VPAR, VPEB,PHI,Xf Y)
C
B EAD(IDISK,20) NVPAR,NVPER,NPHI,NX,NY 
20 FORMAT (512)
BEAD(IDISK,40) VPARMX,VPERMX,XMAX,YMAX 
40 FORMAT (4 E 1 5 .5)
HEAD(IDISK,40) A,ALPHA,B,BETA 
BEAD(IDISK,40) C,CKX,CKY,DVPAR 
B EAD(IDISK,40) DVPER,DPHI,DX,DY 
BEAD (IDISK, 40) TIME 
BEAD (IDISK,*) VPAB, VPEB, PHI,  X,Y,F
C
CLOSE (UNIT=IDISK)
OPEN(UNIT=IDSK11 ,DEVICE=* DSK', ACCESS3 * APPEND*, DISPOSE=*
SAVE' ,
1FILE='FUN3D.DAT')
C WRITE (IDSK11, 1000)
VPAB (1) ,VPEB (1) ,PHI (1) , ( ( I , J ,V P E B  (I )  ,X (J )  ,
C 1 F ( 5 , I , 1 , J , 1 ) , J = 1 , 4 ) , 1 = 1 ,5 )
C1000 FORMAT(1X,3G12.5 /1X,16(1X,2I2 ,3G12.5 / ) )
C
C BEAD TIME STEP NO. TIMES THROUGH TIME LOOP 
C
TYPE 100
100 FORMAT (• DELT,NTIME,NFILE = ?•)
BEAD(ITTY,* )  DELT,NTIHE,NFILE 
TYPE 200 
200 FOBMAT (* OMEGAC = ?*)
BEAD(ITTY,*) OMEGAC
C




WRITE(IDSK12 ,40)  A,ALPHA,B,BETA 
WRITE (IDSK12,40) C,CKX,CKY,DVPAB 
WRITE( IDSK12,40) DVPER,DPHI,DX,DY
C
C CALCULATE PARAMETERS 
C



















C TIME DO LOOP STABTS HEBE 
C
ICOUNT = 0 
300 CONTINUE
ICOUNT = ICOUNT + 1
DO 2000 I=1,NTIME
I F ( I .  NE.1) TIME = TIME+DELT
C
C SPACE SHIFT IN XY BY V*DELT 
C
I F ( ( I - 1 ) *  (I-NIIME) .EQ.O) CALL SPACEI (DTHALF) 
CALL SPACEC 
C WRITE (IDSK11, 1000)
VPAB (1) ,  VPER (1) ,PHI (1) , ( ( I , J , X ( I )  ,Y (J )  ,
C 1 F ( 1 , 1 , 1 , I , J )  , J  = 1 ,4 )  , 1 = 1 ,4 )
I F ( I . E Q . 1) CALL SPACEI(DELT)
C500 CONTINUE









C WRITE ELECTBIC FIELD ENERGY TIHE ON DISK FILE 
C
TPHALF = TIME + DTHALF 
WRITE(IDSK10,*) ENERGY,TPHALF 
C WRITE(IDSK11, 1000)
VPAB (1) , VPER (1) , PHI (1) , ( ( I ,  J ,  VPER(I) ,  X(J) ,
C 1 F ( 5 , I , 1 , J , 1 ) , J = 1 , 4 ) ,1 = 1 ,5 )
2000 CONTINUE 
C


















C SUBROUTINE EFOUR SOLVES THE TWO DIMENSIONAL POISSON 
EQUATION
C FOR THE ELECTRIC FIELD WITH PERIODIC BOUNDARY CONDITIONS 
C IN BOTH DIRECTIONS. THE CHARGE DENSITY RHO(X,Y) IS  
OBTAINED
C BY INTEGRATING THE ELECTRON DISTRIBUTION FUNCTION 
C F(VPAR,VPER,PHI,X,Y) OVER ALL VELOCITIES.
C
PARAMETER N16 = 16, N8=8, N4=4 
DIMENSION
RH0(N4,N4) ,F(N16,N8,N8,N4,N4) ,EX(N4,N4) ,EY(N4,N4)
COMPLEX XFACT,Y FACT,COMPI,SUMRO, SUMEX,SUMEY, ARGX,ARGY, 
1AARGX,AARGY,TOPIX,TOPIY,TCPIXM,TOPIYM 




COMMON /NAREA/ NVPAR,NVPER,NPHI,NX,NY 
COMMON/DELTA/ DVPAR,DVPER, DPHI,DX,DY,DELT 
COMMON/MAX/ VPARMX, VPERMX,FLX,FLY
C
DATA COMPI/( 0 . , 1 . ) /
C






NYT0P1 = NY/2 + 1
NXTOP1 = NX/2 + 1
TOPIX = TWOPI*COMPI/NX
TOPIY = TWOPI*COMPI/NY
TOPIXM = - 1 . *TOPIX







C INTEGRATE OVER VELOCITY USING TRAPEZOIDAL RULE 
C
DO 500 IX=1,NX 
DO 500 IY=1 , NY 
SPHI = 0.
191
DO 300 IVPAR=1,NVPAR 
DO 300 IVPER = 1 , NVPER 
DO 300 IPHI = 1 , NPHI
SPHI = SPHI + F(IV PAR,IVPER,I PHI, IX,IY) *VPEE(IVPEE) 
300 CONTINUE
BHO(IX,IY) = SPHI*DEL 
500 CONTINUE 
C
C DETERMINE ELECTRIC FIELD COMPONENTS FROM DOUBLE FOURIER 
C TRANSFORM OF POISSON’ S EQUATION 
C
ENERGY = 0.
DO 2000 IX=1 , NX 
IIX  = I X - 1 
DO 2000 IY=1,NY 
SUMEX = 0 .
SUMEY = 0.
I IY  = IY-1 
DO 1000 N=1,NY 
NN = N -  NYTOP1 
AARGY = TOPIY*NN*IIY 
FACTN = FLYM2*NN**2 
DO 1000 M=1,NX 
MM = M-NXTOP1 
SUMRO = 0.
IF(MM+NN.EQ.0) GO TO 900 
AARGX = TOPIX*MM*IIX 
FACTM = FLXM2*MM**2 + FACTN 
DO 800 K=1,NY 
KK = K-1
AEGY = NN*KK*TOPIYM 
DO 800 L=1,NX 
LL = L-1
ABGX = MM*LL*TOPIXM
SUMRO = SUMRO + RHO (L,K)*CEXP(ARGX+ARGY)
C WRITE (3 ,5000)  K,L,RHO(L,K), SUMRO,ARGX,ARGY
800 CONTINUE
SUMRO = SUMRO*CEXP(AARGX+AARGY) /FACTM 
900 SUMEX = MM*SUMRO + SUMEX 
SUMEY = NN*SUMBO + SUMEY 
C WRITE (3 ,5000)  N,M,SUMRO,SUMEX,SUMEY,AARGX,AARGY
1000 CONTINUE
EX(IX,IY) = REAL(SUMEX*XFACT)
EY (IX ,IY) = BEAL (SUMEY*YFACT)
ENERGY = (E X (IX , IY )**2 + E Y ( IX , IY )* * 2 )*AREA + ENERGY 
C TYPE 5 0 0 0 , IX , IY ,E X (IX , IY )  ,EY (IX,IY) , ENERGY 












C SUBROUTINE ACCEL ADVANCES THE ELECTRON DISTRIBUTION 
FUNCTION
C F(VPAR,VPER,PHI,X,Y) IN TIME ACCORDING TO THE ACCELERATION 
C TERM IN THE VLASOV EQUATION. THE CALCULATION USES THE 
ACCURATE
C SPACE DERIVATIVE (ASD) METHOD DESCRIBED IN:
C
C J.GAZDAG,NUMERICAL SOLUTION OF THE VLASOV EQUATION
WITH
C THE ACCURATE SPOACE DERIVATIVE
METHOD, J.COMP.PHYS. 1 9 ,7 7 - 8 9  (1975).
C
C SUBROUTINE OPERAT IS  CALLED TO PERFORM A DOUBLE FOURIER 
EXPANSION
C IN F IN THE VARIABLES VPERPHI AND TO CALCULATE PARTIAL 
DERIVATIVES
C IN THESE VARIABLES. SUBROUTINE EFOUR IS CALLED TO 
CALCULATE THE
C ELECTRIC FIELD AND ITS TIME DERIVATIVES.
C
PARAMETER N1 6 = 1 6 ,N8=8, N4=4 
DIMENSION
SAVE1(N16,N8,N8,N4,N4),SAVE2(N16,N8,N8,N4,N4) ,
1DFDT(N16,N8,N8,N4,N4), DFDT2(N16,N8, N8,N4,N4) ,
2 EX(N4,N4) ,EY (N4, N4) ,DEXDT(N4,N4) ,  DEYDT (N4,N4) , 
3DEXDT2(N4,N4), DEYDT2(N4,N4)
COMMON /FAREA/
F (N 16 ,N 8 ,N 8 ,N 4 ,N 4) , VPAR(N16) , VPER(N8),PHI(N8) ,
1X(N4) ,Y (N4)
COMMON /OPER/ IPAR,IPER,IPHI,IX ,IY,RSUM1, RSUM2












ENTRY ACCEL 1 (ENERGY)
C










DO 100 IY=1,NY 
DO 100 IPHI = 1 , NPHI 
DO 100 IPER = 1 , NVPER 




SAVE1 ( IP A R ,IP E R ,IP H I , IX , IY) = RSUM1
DFDT(IPAR , I P E R , I P H I , I X , I Y )  = EX(IX,IY)*RSUM1 + RSUM2 
100 CONTINUE 
C




C CALCULATE DFDT2 FROM DEXDT DF/DT 
C
DO 200 IX=1, NX 
DO 200 IY=1,NY 
DO 200 IPHI = 1 , NPHI 
DO 200 IPER = 1 , NVPER 
DO 200 IPAR = 1 , NVPAR 
CALL OPER1(DFDT)
SAVE2(IPAR,IPER,IPHI, IX,IY) = RSUH1
DFDT2 ( IP A R ,IP E R ,IP H I , IX , IY )  = RSUM1*EX(IX, IY) + RSUM2
+
1 DEXDT (IX,IY)*SAVE1 ( IP A R ,IP E R ,IP H I , IX , IY )
200 CONTINUE
C
C CALCULATE DEX/DT2 FROM DF/DT2 
C
CALL. EFOUR1 (DFDT2, DEXDT2,DEYDT2 ,ENRG)
C
C CALCULATE DFDT3 NEW F FROM DF/DT2 DEX/DT2 
C
DO 300 IX=1, NX 
DO 300 IY=1,NY 
DO 300 IPHI = 1 , NPHI 
DO 300 IPER = 1 , NVPER 
DO 300 IPAR = 1 , NVPAR 
CALL OPER1(DFDT2)
DFDT3 = EX(IX,IY) *RSUM1 + RSUM2 +
1DEXDT2 (IX,IY)*SAVE1(IPAR,IPER,IPHI , IX ,IY)  +
2 2. * DEXDT(IX, IY)*SAVE2(IPAR,IPER,IPHI,IX ,IY)





SAVE1 ( IP A R ,IP E R ,IP H I , IX , IY )  = F ( IP A R , IP E R , IP H I , I X , IY) 
300 CONTINUE 
C WRITE(11 ,1000)
VPAR (1) ,VPER (1) , PHI (1) , ( ( I , J ,V P E R  (I )  ,X ( J )  ,
C 1 F ( 5 , I , 1 , J , 1 ) , J = 1 , 4 ) ,1 = 1 ,5 )
C1000 F 0R M A T(1X ,3G 12 .5 /1X ,16(1X ,2I2 ,3G 12 .5 / ) )
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C




DO 400 IPAR=1r NVPAR
VEL ® VPAR (IPAR) + EY (IX, IY) *DELT
DO 400 IPER = 1 , NVPER
DO 400 IPHI = 1 , NPHI
SOM = 0 .
DO 350 N=1,NPAR2 
NN = N-1 
FACTOR = 1.
IF(NN.EQ.O) FACTOR = .5
DO 350 K=1 , NPARM1
ARG = TOPIL*NN*(VEL-VPAR(K))













C SOBROOTINE OPERAT CALCOLATES THE FOORIER TRANSFORM OF THE 
ARGOMENT
C FONCTION AND THE VALOE OF THE TIME DERIVATIVE FROM SPACE 
DERIVATIVES
C OSING THE ASD METHOD.
C
PARAMETER N16=16, N8=8,N4=4 
DIMENSION CPHI(N8),SPHI(N8)
DIMENSION
FF(N16,N8,N8,N4,N4) , SINPER (N16 , N8 ,118) ,SINPHI(N8,N8,N8) 
COMMON /OPER/ IPAR,IPER,IPHI,IX,IY,RSOM1,RSOM2 
COMMON /MAX/ VPARMX,VPERMX,XMAX,YMAX 
COMMON /CONST/ PI,OMEGAC
COMMON /FAREA/ F(N16 , N8,N8,N4,N4) , VPAR(N16) >VPER(N8), 
1 PHI (N8) ,X(N4) ,Y(N4)
COMMON /NAREA/ NVPAR,NVPER, NPHI,NX,NY 
COMMON /DELTA/ DVPAR,DVPER,DPHI,DX,DY,DELT
C
C CALCOLATE PARAMETERS 
C
NPHI2 = NPHI/2 
NVPRM1 = NVPER -  1 
NPER2 = 2*NVPER -  1 
NPERP1 = NVPER + 1 
FLPER = 2.*VPERMX 




FACPHI = - 1 .* D P H I /P I
C
C DETERMINE SINE FUNCTIONS FOR SUBSEQUENT USE 
C
DO 100 M= 1 , NVPRM1
ARG = M*TPILPR
DO 100 K= 1r NPER2
VEL = (K-1)*DVPER-VPERMX
DO 100 IPER=1r NVPER
SINPER(KrIPER, M) = M*SIN(ARG*(VPER(IPER) -VEL) )
100 CONTINUE 
C
DO 200 IPHI = 1t NPHI 
CPHI(IPHI) = COS (P H I ( I P H I ) )
SPHI(IPHI)  = SIN(PHI(IPHI)  )
DO 200 N=1r NPHI2 
DO 200 L=1# NPHI







C DETERMINE DF/DVPER FIRST TERM IN RSUM1 
C
RSUM1 = 0 .
NEWPHI = IPHI+NPHI2
IF(NEWPHI.GT.NPHI) NEWPHI = NEWPHI-NPHI 
DO 500 M=1,NVPRM1 
DO 400 K=1,NVPER 
RSOM1 = RSUM1 +
FF(IPAR,NPERP1-K,NEWPHI,IXr IY) *SINPER(K,IPER,M)
400 CONTINUE
DO 500 K=NPERP1,NPER2 
RSUH1 = RSOM1 +
FF(IPAR,K-NVPER,IPHI,IXr IY) *SINPER(K#IPER,M)
500 CONTINOE
RS0M1 = RSUM1*CPHI(IPHI)*FACPER 
C3000 CONTINUE 
C
C DETERMINE DF/DPHI RSOM2 TERM 
C
RSUM2 = 0.
DO 1000 N=1,NPHI2 
DO 1000 L=1, NPHI
RSUM2 = RSOM2 + FF ( IPA R,IPER ,L , IX , IY )  *SINPHI(IPHI ,L,N) 
1000 CONTINUE
RSUM2 = RSUM2*FACPHI 
C4000 CONTINUE 
C





RSUM1 = RS0M1 -  SPHI(IPHI)*RSUM2/VPER(IPER) 





PARAMETER N16 = 1 6 ,N8=8,N4=4,N7=7 















DO 1000 K=1,NPHI 
DO 1000 J=1,NPER 
1000 DELX (J  ,K) = (2*J - 1 ) * . 5*COS( (K-1) *TPIPHI) *DVNTX 
C GENERATE GX
DO 1010 K=1,NPHI 
DO 1010 J = 1 , NPER 






GX (J , K ,  M2) =SIN (GMD) *COS(GMDNX)/
1XNX/SGMDNX
DO 1010 M2=NX+1,2*NX-1 
1010 GX(J,K,M2)=GX(J,K,M2-NX)
C GENERATE DELY
DO 1130 1 = 1 , NPAR 
1130 DELY(I) = (2*I-NPAR-1) *.5*DVBTY 
C GENERATE GY
DO 1200 1 = 1 , NPAR 
DO 1210 N2=1,NY 
GMD=PI* ( (NY-N2) +DELY (I)  )
GMDNY=GMD/XNY 
SGMDNY=SIN(GMDNY)
GY ( I ,  N2) =1.
1210 IF(ABS(SGMDNY) .G T .1 .E -1 2 )
GY(I,N2)=SIN(GMD) *COS(GMDNY)/
1XNY/SGMDNY




PARAMETER N1 6 = 1 6 ,N8=8,NW=4, N7=7 
C SHIFT ALONG X AND Y AXES
C THETA=90







COMMON /NAREA/ NPAR,NPER,NPHI,NX,NY 
COMMON /FAREA/ F,VPAR,VPER,PHI,X,Y 
COMMON /GAREA/ GX ,GY 
X SHIFT
DO 1300 N=1,NY 
DO 1300 M=1,NX 
DO 1300 K=1,NPHI 
DO 13 0 0  J = 1 , NPER 
DO 1300 1 = 1 , NPAR 
F1 ( I ,  J ,K,M,N) =0.
DO 1300 M1 = 1 ,NX
F1 ( I ,  J ,  K, M, N) =F1 ( I ,  J ,  K,M,N) + F ( I , J , K
Y SHIFT 
DO 1400 N=1,NY 
DO 1400 M=1,NX 
DO 1400 K=1,NPHI 
DO 1400 J=1,NPER 
DO 1400 1 = 1 , NPAR 
F ( I , J , K , M , N ) = 0 ,
DO 1400 N 1= 1 , NY
F ( I , J , K , M , N )  =F ( I , J ,K ,M ,N )+ F 1  ( I , J , K ,  
END
M1,N) *GX ( J ,  K, NX+M-M
, N1)*GY(I,NY+N-N1)
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C PROGRAM PLTF3D.FOR PLOTS F(VPAR,VPER) AS CONTOURS OF 
C CONSTANT F IN VPAR,VPER SPACE. THE PROGRAM INTEGRATES F 
C OVER PHI,X Y. AND PLOTS THE REMAINING FUNCTION OF 
VPAR,VPER USING
C PLOT10 SOFTWARE. ALL ITERATIONS ARE DONE BY FIRST FITTING 
THE FUNCTION
C WITH A CUBIC SPLINE CURVE. THE DATA REQUIRED FOR THE PLOT 
IS READ IN




C THE PLOT10 DATA FOR THE PLOT IS  WRITTEN ON DISK FILE 
PLTF3D.DAT
C THE PARAMETERS ARE:
C EPS: FRACTION OF FMAX USED FOB CONTOUR RESOLUTION(SUGGEST 
.05)
DIMENSION
F ( 1 6 , 8 , 8 , 4 , 4 )  ,  VPAR (16) ,VPER (8) ,PHI (8) ,X(4)  ,Y(4)  ,
1WK( 5 0 0 ) , VVPER ( 5 0 0 ) , F 2 ( 5 , 5 ) , F 3 ( 2 0 , 1 0 , 8 ) ,
2IARRAY (20) ,JARRAY(100) ,F 1 ( 8 )  ,BPAR(4) ,C C(19 ,3 )  ,FF (2 0 ,1 0
) »




I D I S K / 1 / , I T T Y / 5 / , I D S K 1 0 / 1 0 / , B P A R / 0 . , 0 . , 0 . , 0 . / , I B A U D / 2 4 0 /
DATA IYES/1HY/
OPEN(UNIT=IDISK,DEVICE=' DSK', ACCESS=* SEQIN*,DISPOSE=* SA
VE' ,
1FILE=' FUN3D.DAT*)
OPEN(UNIT=20,DEVICE='DSK', ACCESS=* APPEND*, DISPOSE='SAVE
i
1FILE= * PLTF3D.DAT *)











50 FORMAT ( '  NFILE=?' )
READ(ITTY,*) NFILE 
TYPE 60
60 FORMAT( ' $  CALCOMP PLOTS ? ' )
READ (ITTY,70) IANS 
70 FORMAT(A1)
TYPE 80




90 FORMAT(' F(VPAR) VS VPAR ? ' )
READ (ITTY,70) IANS3
WRITE(IDSK10,*) NFILE,NVPAR,NVPER, DVPAR, DVPER
DO 6000 ICOUNT = 1 , NFILE
READ (IDISK, 40) TINE
READ(IDISK,*) VPAR,VPER,PHI,X,Y,F
C
C INTEGRATE OUT XY DEPENDENCE 
C
DO 300 IVPAR = 1 , NVPAR 
DO 300 IVPER=1,NVPER 
SUM = 0 .
DO 200 IPHI = 1 , NPHI 
DO 200 IX=1,NX 
DO 200 IY = 1 , NY
SUM = SUM + F (IVPAR,IVPER,IPHI,IX ,IY)
200 CONTINUE
FF(IVPAR,IVPER) = SUM*DPHI*DX*DY




C CHECK CONSERVATION OF ENERGY AND PARTICLES 
C
SPER = 0.
SPERE = 0 ,
DO 350 IVPAR=1,NVPAR 
DO 350 IVPER=1,NVPER
SPER = FF (IVPAR,IVPER)*VPER(IVPER) + SPER 
SPERE = SPERE + ENERGY(IVPAR,IVPER)*VPER(IVPER)
350 CONTINUE
TOTPAR = SPER*DVPAR*DVPER 
TOTENG = SPERE*DVPAR*DVPER*.5
C
C SAVE RESULTS FOR PLTFX 
C
WRITE (IDSK10,*) TIME,FF 
400 FORMAT (F12. 5)
C
C PLOT RESULTS 
C
CALL INITT (IBAUD)
IF(IANS.EQ.IYES) CALL OUTMOD( • F I L E ' ,20 )
CALL BINITT
CALL DLIMX(0.,VPER(NVPER))





FMAX = 0 .
DO 500 IVPAR=1,NVPAR 




CONTOR = . 1 *FMAX 
DO 600 1=1, 10 
F I  = I
CONT(I) = FI*CONTOR 
600 CONTINOE 
C
DO 900 IVPAR=1, NVPAR 
DO 900 IVPER=1,NVPER 
DO 650 1=1 ,10  
J  = I  + a?
IF (FF  (IVPAR,IVPER).LE.CONT(I))  GO TO 660 
650 CONTINOE 
660 CONTINOE






ENCODE( 6 0 , 1 0 0 0 , IARRAY) TOTPAR,TOTENG,TIME 
1000 FORMAT(3X,' NOMBER', 1 PG10.3 , 5 X , 1ENERGY',G10. 3 ,3X ,  
1 'TIME = ’ ,  G10 .3 )
DECODE( 6 0 , 1 0 1 0 , IARRAY) (JARRAY(J), J=2,61)
1010 FORMAT (60R1)
J  ARRAY (1) = 60 
CALL MOVABS(150 ,740)
CALL HSTRIN (JARRAY)




IF(IANS3.NE.IYES) GO TO 5000
C




VVPAR (1) = NVPAR
DO 5500 IVPAR=1,NVPAR
VVPAR(IVPAR+1) = VPAR (IVPAR)
DO 5400 IVPER=1,NVPER
FVPER (IVPER) = FF (IVPAR,IVPER)*VPER(IVPER)
5400 CONTINOE
CALL ICSICO (VPER,FVPER,NVPER,BPAR,CC,19,IER7) 
CALL
DCSQDO(VPER,FVPER,NVPER,CC,1 9 , 0 . , VPER(NVPER),Q,IER8) 





IF(IANS.EQ.IYES) CALL OOTMOD (• FILE* ,20)
CALL BINITT








ENCODE( 4 0 , 5 6 0 0 , IABEAY) TIME 
5600 FORMAT(3X,»F(VPAR) VS VPAE FOR TIME = » ,G10.3)  
DECODE( 4 0 , 2 6 0 0 , IABEAY) (JAEBAY(J) ,J=2,41)
J  ABBAY (1) = 40 
CALL MOVABS (150,740)
CALL HSTBIN(JABBAY)




5000 IF(IANS2.NE.IYES) GO TO 6000 
C
C PLOT F (VPEB) VS VPEB 
C
FVPEMX = 0.
FVPER (1) = NVPEE
VVPER (1) = NVPEE
DO 2000 IVPEB=1,NVPEE




CALL ICSICO (VPAB,FPAR,NVPAB,BPAR,CC,1 9 , IEB5)
CALL
DCSQDO(VPAB,FPAB,NVPAE,CC,1 9 , VPAB( 1 ) ,VPAR(NVPAB),Q,IER6) 
FVPER(IVPER+1) = Q 













2500 FORMAT (3X, 'F(VPEB) VS VPEB FOB TIME = * ,G10.3 )  
DECODE( 4 0 , 2 6 0 0 , IABBAY) (JAERAY(J),J=2*41)
2600 FORMAT(40E1)















C PROGRAM PLOTE PLOTS A FUNCTION F OF ONE VARIABLE T. THE 
PROGRAM REQUIRES
C INPUT FORM DISK FILE ESQ.DAT IN THE FORMAT F ,T .  THE FIRST 
NUMBER IN THE
C FILE IS THE NUMBER OF DATA POINTS NT AND THE SECOND NUMBER 
IS
C THE ORDINATE INTERVAL DELT.
C TTY INPUT DATA FORMAT:
C IXTYPE,IYTYPE : 1 FOR LINEAR PLOT, 2 FOB LOG PLOT 
C FMIN,FMAX : MAXIMUM MINIMUM EMAX VALUES 
C
DIMENSION IARRAY( 2 0 ) , JAERAY (100)
DIMENSION T (600) ,FF (601)  ,  E (50 ,600)  ,  TT (601)
DATA IBAUD/240/
DATA I D I S K / 1 / , I T T Y / 5 /
DATA IYES/1HY/
C
OPEN(UNIT=IDISK,DEVICE='DSK*, ACCESS = «SEQIN*, FILE=* ESQ.D
AT' ,
1 DISPOSE=1 SAVE*)
OPEN(UNIT=ITTY, DEVICE= * TTY * , ACCESS=• SEQINOUT * , DISPOSE= • 
DELETE*)




150 FORMAT(* CALCOMP PLOT?*)
READ(ITTY,160)  IANS 
160 FORMAT(A1)
WRITE (ITTY,20)




NZP1 = NZ + 1 
NZTOP1 = NZ/2 + 1 
DO 10 1 = 1 , NT
READ (IDISK,*,END=10) (E (K ,I)  ,  K= 1, NZTOP1) , T ( I )




FF(1) = NT 
TT (1) = NT
DO 140 NECOMP=1,NZTOP1 
IF(NECOMP.LT.5) GO TO 200 
IF(MOD(NECOHP, 2) . EQ.O) GO TO 140 
200 CONTINUE
DO 250 J=1,NT 
250 FF (J+ 1) = E (NECOMP, J)
C










NECM1 = NECOMP -  1
ENCODE( 2 6 , 9 9 , IARRAY) NECM1
FORMAT(10X, 'EAMP(' , I2 , ' )  VS TIME')
DECODE( 2 6 , 2 6 0 , IARRAY) ( JARRAY ( J ) , J = 2 , 2 7 )  
F0RMAT(26R1)
JARRAY (1) = 26
CALL INITT(IBAUD)
IF(IANS.EQ.IYES) CALL ODTMOD('FILE'f 20)
CALL BINITT
















0 . 2  VLAS 30 Computer Buns
The p lasma p a r a m e t e r s  u sed  t o  d e t e r m i n e  t h e  i n i t i a l  
e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n s  f o r  t h e  VLAS3D co m p u te r  run  
r e s u l t s  t h a t  a p p e a r  i n  t h e  f i g u r e s  o f  t h i s  t h e s i s  a r e  shown 
i n  t a b l e  D-1. The c o r r e s p o n d i n g  i n p u t  p a r a m e t e r s  f o r  t h e  
FUN3D c o m p u te r  code  used  t o  c r e a t e  t h e  i n i t i a l  d i s t r i b u t i o n  
d i s k  f i l e  a r e  shown i n  t a b l e  D-2. The FUN3D program i n p u t  
p a r a m e t e r s  a r e  d e f i n e d  by e q u a t i o n  0 - 1 ,
Table D-l: Plasma Parameters
Run
Beam t o  B ack g ro u n d  
D e n s i t y  R a t i o
P la s m a  F r e q u e n c y  
uip ( r a d / s e c )  
f o r  nb =lcm“ 3
Debye L e n g th  
Xd(cm)
f o r  nk=lcm“ 3
T h e rm a l  V e l o c i t y  
v t h (cm/s )
P a r a l l e l
Landau








4 5° Landau 
Damping No beam The r e s u l t s  o b t a i n e d  f o r  L andau  dam ping  a r e  
i n d e p e n d e n t  o f  b a c k g r o u n d  d e n s i t y .
T h r e e
D i m e n s i o n a l  „
Beam-Background ” .
I n t e r a c t i o n  From F i g .  25 5 .6 5 x 1 0  .9  2 . 2 x l 0 9
The beam t e m p e r a t u r e  i s  640 eV f o r  t h e  beam b a c k g r o u n d  c a s e ,  an d  t h e  N iaxwel l ian  
b a c k g r o u n d  t e m p e r a t u r e  i s  10 eV f o r  t h e  f i r s t  two c a s e s  and  50 eV f o r  t h e  l a s t  
c a s e .  The beam p e a k  i s  a t  a  v e l o c i t y  c o r r e s p o n d i n g  t o  a  k i n e t i c  e n e r g y  o f  2 keV.
T a b l e  D-2 : FUN3D and  VLAS3D INPUT PARAMETERS
RUN
VPARMX,
NVPAR, NVPER, VPERMX, C, CKX, VPARO,
A, a ,  B, $ NHPI, NX, NY XMAX, YMAX CKY VPERO OMEGA
P a r a l l e l
Landau
Damping
.0 6 3 5 ,  . 5 ,  
0.  0
12 ,  6 ,  4 ,  4 ,  
4
3 . 0 ,  3 . 0 ,
1 0 . 0 ,  1 0 .0
. 5 , 0 ,  .6 0 ,  0 0
45°  Landau  
Damping . 5 ,  . 6 ,  .6
T h r e e  Dim. 
Beam-
B ackground
I n t e r a c t i o n
.558. 
4 .43 .  . 
. 0 2 3 ,
. 3461
5 ,  5.,. 1.7.3,17 .3 J 0 3 6 4 ,  . 3 6 4 ,  . 3 6 4 3 . 0 1 ,  0 .1
rooco
